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miEDDUCTIOl 


Hie concept of Hear-Bings arises very naturally, if we 
define addition and mltipli cation on the set H of all mappings 
(which preserve additive identity) of an additive (not necessarily 
abelian) group G into itself. Hie addition and multi plication of 
two mappings f,h is given by (f+h)(x) = f(x) + h'(x) 

(fh)(x) = f(h(x)), for all x in G. Then (l^, +) is a group (not 
necessarily abelian). Also only one distributive law holds. So 
that (H, + . ) is a near-ring, which is not a ring in general. 

Zassenhaus [ 19 ] in 1956 studied the finite near-fields. 

The structure theorems on simple and semi-simple near-rings were 

first proved by Blackett [ 5] in 1955* Later Prohlich and Laxton 

1 ■ 

studied the d.g. near rings | and Betsch, Beidleman, Maxson, • 

Bamako ti ah, Idgh Steve and others generalised various concepts from 
rings to near-rings. 

In this thesis we have generalised certain concepts, like 
claBsical-ring of quotients, complete ring of quotients, generalised 
centralizers of a module etc. to near-rings and have studied some of 
their properties. 

The present thesis consists of five chapters. Chapter I 
contains the known definitions and results, which are required in 
the ensuing chapters. 
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In Chapter II we give criteria for injectirity of a 
module over a d.g. near ring and construct an injective cover for 
it . ¥e have also shown that if M i s a ri^t N (not necessarily d.g.) 
module which can he embedded in an injective module, then M has an 
injective hull. Hence any module ever a d.g. near ring has an 
injective hull. Some eq.uivalent conditions are given for a module 
to he an injective hull of a given near-ring module. 

Maxson [ 15] gave a necessary and sufficient condition for 
the existence of a near ring of left quotients of a left near ring 
with 1. He also gave a sirfficiaat condition for the existence of a 
near ring of right quotients of a left near ring with 1. 

lhat Maxison calls a near ring of quotients, we call it a 
classical near ring of quotients. In Chapter III we give aiother 
construction (using Asano' s method )of classical near rings of left 
and right quotients and give examples to ^ow that the concepts of 
classical left near ring of left quotients and classical left near 
ring of right quotients are quite independent of each other. 

Jnalogaus to the construction of the classical near ring Q* 
of right quotients, we give the construction of a module M of 
quotients for any ixL^t modale.M oEyer . a d-vg. hear-ring H withol . 

For any S-free module M we give a necessary and sufficient 
condition for M to he injective. As a Corollary to this re ail t we 
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get a necessary and aiffioient cordition for to te injectiTe. 

Chapter U is devoted to the study of complete near rings 
of left and right quotients. 

For any left d.g, near ring If with 1 we define 
H = ^f: I-»- I' ( (is) f = (i)f s for all i in I and all distrihntive 
s in H} (where Ijj denotes the injective hull of Hj^) and 

Q =•• {0 : I l{ (h-.i)"© = ((i)h)0 = ((i)6)h for all iin I and all K- 
homomorphism h' in H} , 

and show that Q is a left near ring of right quotients of H and that 
it contains any left near ring of right quotients of N. It is also 
shown that Q is its own near ring of right quotioits. Q is called 
the complete near ring of ri^t quotients of N. 

It is proved that Q is a regular near ring whenever J(lfjj) = 0. 
Moreover it is shown that if every weakly-large ri^t .F -subgroup of 
F contains a distributive non -zero divisor then Q is a classical 
near ring of right quotients of N, 

Moreover given any left near ring F with 1, we construct a 
left near ring G containing N. We show that C is a left near ring of 
left quotients of F and it contains any left near ring of left 
quotients of F, It is also shown that G is its own near ring of left 
quotients. G is called the complete near ring of left quotients of F. 
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In. the last chapter we have constructed generalised 
centralizer of a near-ring module, for this we have taken a 
collection t’(t) of H-aibgroups (U-suhmodules) of a module M 
(over a d.g. near ring satisfying certain conditions, and with 
each such collection t ’(x) we have associated a near ring P’(P). 

The near ring P’ turns out to he non -associative. 

In case N is a ring and x* is the collection of large 
submodules of a given module, then the near ring P' turns out to 
be an (associative) ring and this ring is actually Johnson’s 
extended centralizer of a module [11] . 

It is also proved that if the near-ring module M is xt _ 
complemented - complemented) in a certain soise then the near 
ring P'(P) is regular. 

We now explain the method for referring various results. 
Throu^out any one chapter the results have been indicated in Inter- 
national numer ads. Thus 4*5 "bo the result 4»5 of Chapter IT. 

When reference is to some result of another chapter the number of the 
chapter appears first in Soman numerals. This 111,4.5 o;efers to the 
result 4*5 of Chapter III, 



CHAPTER I 


PREinmJARIES 

In this chapter, we give all definitions and results which 
are needed in this thesis, 

1. KEiE RING, n-iJODUIIl, DEPIHTIOIIS, EXiMPIES. 

1.1. A left near_ring N is a non e^jpty set with two "binary 
operations s addition (+) and multiplication ( .), satisfying the 
following conditions; 

(a) (K, +) is a group (not necessarily abelian) 

(h) (N, .) is a semi group 

(c) z(x + y) = zx + zgr for every x,y,z e U 

(d) O.r = 0 for every r e U. 

A iri^t near ring satisfies the right distributive law 
instead, of the left. Ihe difference "between near-rings and rings 
is that for near -rings addition need not be comiiiitative and only 
one distri"butive law holds. 

Prom now on the term 'near-ring’ shall mean left near-ring. 

1.2 . Examples, (a) Let G be a nontrivial additive group (non- 
abelian) and let Tq(g) denote the set of all maps frm G to 6 
such that the zeco of G is mapped to itself . becomes a near- 

ring (which is not a ring) under the addition aid multiplication of 



2 


maps defined in the following way : 

for f, h e Tq(g), x e G 

(x)(f + h) = (x)f + (x)h 
(x)fh = ((x) f)h 

(h) Let G he an arbitrary additive group (not necessarily abelian) . 
Then for every y e G, define 

yx = X, 

and Ox = 0, for every x e G. 

Then (G, +, .) is a near-ring. 

This example shows that every group can be made into a near- 
ring. 

1.5. Eie following properties are inmediate for a near-ring 
(a) r.O = 0 for every r e N, 
and (b) -(xy) = x(-y) for every x,y e N. 

1.4. If N contains an element 1 0 aioh that 

r.1 = 1 .r = r for every r e N, then 1 is called identity for 
H. In this case N is said to be unitary near ring or a near-ring with 
identity, also written as ’ 1 e N’ . 

1.5 . (a) in element y e If is said to be (ri^t) distrilsitiye if 
(x + z)y - xy. + sy for every X, z e N. 

(b) A near -ring U is said to be di slributively generated (d.g.) 
[8, 13] if there exists a multiplicative semigroup S of distributive 
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elements of IT such that the additive group (N, +) is generated hy the 
set S. In this case S is called a generating set for U. 

If IT is a d.g. near -ring with a generating set S, then every 
element x e IT can he written in the form 
k 

X = y + s. (for some k), s. e S, (see [8], [13]) 
i=1 

Ala> the axiom O.r = 0 (re N) is always satisfied in d.g. 
near rings ( [8] , [15]) 

Kemark ; IT is a d.g. near-inng iff (N, +) is generated hy the semi- 
group of all the distrihutive elements of N. Hence without loss of 
generality we may take -the elements 0 and 1 of IT in the generating set 
of a d.g. near ring IT. 

1.6. ExaJiyle [2] . Let E he a multiplicative sonigroup of 

endomorphi sas of a nontrivial graip (G, +) and let E(G) he the subgroup 
of the additive group T^(G’) (example 1.2(a)) generated hy B, then 
e(g) is a d.g. near-ring with identity. 

inalogcus to the ring module ocncept, a near-ring module is 
defined as follows: 

1.7* (a) A ri^t IT-module M(or 1^) is a system (M, +, .) aich that 

(i) (M, +) is a group (not necessarily ahelian) . 

(ii) ’ .* is a map from M x H M, given hy m.r = mr e M and 
satisfying the following ccxiditionss 
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(a') m(r^+ ^) = nir^+ ^2 » 

(■b') iii(r^. r^) = (mr^) , 

for every ^ 3 ?, m s M. 

If If is a d.g. near-ring with a generating set S, then diould 
satisfy one more condition i 

(o') (m^ +1112)5 = m^s + m^s, for every s e S, ^ 

(h) A left H module M(or ^jlS) is a system (M, +, .) sach iiiat 

(i) (M, +) is a group (not necessarily ahelian) 

(ii) ’ is a map from If x M ^ M, given hy r.m = rm e M 
and satisfying the following conditions^ ; 

(a") n(m^+m2) = nm^ + nm2, 

(h") (n^.n2)m = n^(n2ni), 

for every n, n^ ,312 e If , m, m^ , m2 e M. 

If N is a near-ring with identity 1 and m. 1 =m(l.m = m) 
for every m e M, then ) is said to he unitary_ N^odule. 

1 . 8 . Examples, (a) Every near-ring U is a left as well as a ri^t 
If -module. 

(h) iny nontrivial group (G-, +) is unitary I^(g) - module as 
well as E(g) - module, ( [ 2 ]). 

1.9. Some different naaes for If -module have appeared in the litera- 
tare. Betsch, Prohlich, Laxton and Ranakotiaii have called N-module 
as ’N-group* aid Blackett has called it as If -space. 
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We now define the important concepts of 'S' -subgroup' and 'U— 
submodule' , 

1.10. Let Mjj (jjM) be an U-module and Abe anon-empty subset of M. 
Then A is said to be ri^t (left) N-aibgroup of M, if 

(a) (a, +) is a subgroup of (M, +) , 

and (b) M = {ar|aeAjreF}ir A(NA = {ra | a e A, r e U } o A) . 

When M = H and A is as above then we say that A is an N- 
subgroup . 

1.11 . A non-empty subset B of M is called a ri^t H-aibmodule of M 
if 

(a) (B, +) is a normal subgroup of (M, +) , 

and (b) (mtb) r~mr (or equivalently (b +m)r-fflr) e B, for every 
r e N, m e M, b e B. 

If N i s a d.g. near-ring, then B is an. N-submodule of M iff B is a 
normal B-subgroup of M, ([13]). 

H-submodules are called normal W -modules by Frohlich and 

Laxton. 

1.12 . If N happens to be a ring, then iiie concepts of 1-aibgroup 
and H -submodule coincide. But in near-rings every l-aibmodule is an 
N-subgrcup, while the converse does not always hold. For this we 
present idle following example. 
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1.15. Example [2] . Consider the neax-ring Tq(g) of 1.2 and let 

g E G. Define ' 6 e T (G) as follows: 

(x)6 = g for every x( ^ 0) in G 

O 

= 0 if X = 0. 

Let = {6gjg E G } . Then is a suh-near-ring of . 

It is also called the neax-ring of constant mappings of the group G. 

If the order of (G,+) is greater than two, then it has "been shown in 
( [2] -- example I.I5) that is a Tq(G) ~ subgroup of T^(g), hut 

not a I'^(g)- submodule of !r^(G). 

1 .14. We have seen in near-rings that IT-subgioups may not be N-sub- 
modules. We now present an example to show that there exist near-rings 
and near-ring modules (other than rings and ring module) in which every 
N-gibgroup i s an H -submodule.. 

1.15. Exaaple. [2] . Consider the d.g. near ring E(g) of 1.6. Then 

it has been shown in ( [2] — ' Lemma 5*5) that every E(G)-sabgroup of 

is also an E(g) - submodule. 

1.16. Let X be a given subset of M. Then the intersection of all the 
N-submodules (N-sibgroups) of M containing X is an IT -submodule (N-sub- 
group) of M and is called the D -submodule (N-subgroup) generated by X. 

1.17 . Let M be an K-module, A be an K -subgroup of M and B be an S-sub- 
module of M. Then AfB is an IT-subgroup of M and A+B = BfA,( f2} 
proposition I.24). 

1.18. Let el) be a collection of H -submodules of M. IliQi ^ 

ael 

is an N-submodule of M and consists of all the finite sums of the eloaents 
from , ( £2] - proposition 1 .25) . 
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§2* Homomori^isms, Ideals, Isomor^sm Theorems. 

2.1 (a) A mapping e : -> is called an H-homqmoriMsm if 

e(x+y) = 8(x) + e(y) 
and sCxr) = 8(x)r, 

for every x,y e M and re F. 

N-epimorphisms, N-monomorphisms and N-isomorjiiisms are defined 
in the usaal way. If M and M’ are W- isomoiphic, then we shall write 
M ^ M» . 

(IT) 

(b) A mapping 6 : N -vN’(N and N' being near-rings) is called 
a near-rii^ homonprpihism, if it preserves both the operations. 

Near -ring epimorphism, monomorphism, isomorphism are defined 
as usual. 

If N and N' are isomorphic near-ahsgSj-- we shall write 

2.2. Let 6 ; M -9- M' be an N-homomorphiaa, then 8 (m) ={e(s:)[xe M} 
is an N-subgroup of M' , but need not be an N -submodule of M* . (see [2], [15]). 

For this we give the following example - 

2.3 Example . Consider the near-ring of 1.13? which is a T^(s)- 

Sibgroup of T^(g) but not a ^q(g) ” submodule of T^(g). is also 

a T (C) - module uiAer ihe following definition: 
o 
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Now define a map i|) s K^ -»- T^(G) as follows; 

'/'(y) = y* y e Kg. 

Bien if) is T^^Cg) -homomorphism and 'i'(Kg) = Kg is a T^(G) -subgroup 

of T (g) but not a T ( G) -submodule of T (g) . 
o o o 

Contrary to the ring case, we have seen that in near-ring 

modules, 6 (m) may not be an N-gibmodule of M' . We therefore, have 

the following definition; 

2.4. Let 6 ; M M’ be an N -homomorphism. If 6 (m) is an N-subnKjdule 
of M', then 8 is called a .nomal H-homomorjMsm [15], 

We now give the defiiiitions' cf left ideal, ri^t ideal asd 
ideal in near-rings. 

2.5. (a) A non-empty subset B of ST is called a left ideal of N if 

(i) (B,+) is a Normal aibgroup of (N, +) and 

(ii) NB = { rb { r e H, b e B } ^ B. 

(b) B is called a ri^t ^ideal of N if B is N-submodule of the 
N-^nodule Hjj . 

(c) B is called (two sided) ide^ of N if B is left as well 
as ri^t ideal. 

2.6. Ihe ri^t ideal (ideal) generated by a subset X of N, denoted 

by ( <2>), is the smallest ri^t ideal (ideal) containing the 


set X. 
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If H is d.g. near ring (with. 1) , then 
k 

= { ^ (- ^1+ W+ ^i)! ? 3 ^e X, 8. e S} ( [IS] ) 

i=1 

As in ring theory, we have factor N-niodules, factor near- 
rings, isomorphism theorems etc. in near-rings. %e follcwing results 
of this section are contained in [2], 

2.7- (a) Let A he an H-sahmodnle of an N-module M. Then the factor 

group m/a can he ccnaLdered as an N-module under the following usual 
definition: 

(m + a) r = mr + A, r e N, m e M. 

The natural H-epinrorphism ir : M M/A is given hy 
Tr(m) = m+ A, me M. 

(h) If B is an ideal of N, then the factor group H/B becomes 
f actor-near-ring under the usual multiplication: 

(r^+B) (r^+B) = r^r^ + B, r^yr^e N. 

Ihe natural near-ring epimorphism w s N -> b/b is given hy 

■!r(r) = r + B, reH, 

2.8. B is an H-suhmodule of M(ideal of B) iff B is the Kernel of an 
B -homomorphism of M( near-ring hcanomor ;^i sm of B) . 

2.9. Let ^ collection of ideals of B, thm B^ is 


an ideal of B. 
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2*10. Let 8 s M -j- M^(9 sN N*} "be an N-epicioi^pliisni (nean-iciiig 
epimorpliism) 5 then 

M/Ker 6 ^ M*(N/Ker8_^ . 

(I) 

2,11. Let A he an N-sabmodnle pf M (ideal of N) B be an N-* 
sabmodule of M( ideal of K) containing Ay then 


M n. m/a . 


(n/b ^ 


N/A 

B/A 



2.12. (a) Let A Be an N-suBgroup of M and B Be an N-saBmodule of 

M, then (At-B)/B 2i A/a A B '"'(a), where ir ; M ->■ M/B is the 

( 1 ) ( 1 ) 


natural H-epimorphiam. 

(B) Let A and B Be ideals of N, Ihen 
(A+B)/B ^ kjk A B . 


§5. Jtore Befinitions and Remits 

5.1. (a) A proper N-suBgroup (K-suBmodule) A of M is called maximl 
N-suBgroup (maxiinal N-suBmodule) of M*, if for any other R-suBgroup 
(H-^Bmodule) A' of M with A'S A' , then either A = A' or A' = M. 

(B) An ideal B of N is called a maximal ideal, if for any other 
ideal E of N with BSE, either B = E or 1 = N« 
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m INJECTIVE NEAR-RING WWLES 

inalogoTis to the ling theory case we prove here that if IT is a 
d.g. near-3ri.ng with 1, then for a ri^t N-module M, tl^ following are 
equivalent: 

(i) Mis injective 

(ii) every diagram 0 C D can be embedded into a 

gt 

M 

comnutative diagram 0 -v C ^ D where C is a submodule of any 

g-J- 

M 

right N-module D and j is the injection map. 

(iii) for every ri^t ideal u of N and every N honwmorihiaii 
f : u— >M there exists a m in M such that f(a) = ma for all a in u. 

Using this we construct an injective cover for any right H- 
module M. We have also shown that if M is a ri^t U-module which 
can be embedded in an injective module, then M has an injective hull 
P for ihich the following are equivalent 

(1) F is a maximal weakly essential extension of M. 

( 2 ) P is a weakly essential extension of M and is injective. 

( 3 ) P is a minimal injective extension of M. 

§ 1, Ciiteria for Injectivity 

let U be a left neat ring and let Jl be a right MiBodule. We 
recall [16 ] that M is called injective if and mly if eveiy diagram 
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f f 

0 A B , where A and B are right H-mo dales with 0 -»• A -►B 

g-l- 

M 


exact, can he emhedded into a coimmitative diagram 0 k 

g+ 

M 



We first prove the followings 

1.1. Lemma s Let If he a left d.g. near ring, with identity, generated 
hy a distrihutive semi group S. Let M he a ri^t N-module and A any 
subset of Then the suhmodule of M generated hy A is 

__ n 

A = { ^ -m. + a. s. + m. j m. e M , a^ e A and either s. or -s. e S } . 

1=1 

Proof s Clearly A is an If -subgroup of 


We now show that A is normal in M. 


n 

-ffl. + sus.+m. } + m =■ +a^s.+ m 

« • 3.- ^ 1* 1 ' I * I 

1=1 

= {(-m-BLj) + a^s^ +(m^+m)} + ... + { ( -Bi-®^)+a^s^+(m^-mi) } 


-m +{ I 


^)+ . . . .+ 


n 

>= ^ + + (m.+m)} is in A 

i=1 

' _ — ■ 

for all m e M and all ^ ®i^ A . Hence A is a 

i=1 

suhmodule of M. Clearly A is contained in A . Suppose B is a aihmodule 
of M containing A. We claim ih.at A is contained in B. 
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_ n 

Let a = ^ ^ ^ artitraxy element of A . Since 

i=1 

a. e A<SB ard B is a suTamochile of M, we hssre -m.+ a. s.+ m. is in 
B for all i = 1,2, . ..n. Hence k^'B, 

Remark : If (N, +) is generated by a distrilmtiTra set and if A is 

a subset of M sioh. that MCA then the submodule of M g^erated 

n 

by A is of the form { J -m^+a^+m. } m. e M, a. e A } . 

i=1 

1 .2 Theorem : Let H '.be a left near ring, with identity, such that 

(N, +) is generated by a set S of distributive elements. Then the 
following are equivalent: 

(i) M is injective 

(ii) every disigram 0 C D, G being a submodule of the ri^t* 

S + 

M 

H-fflodule I> and j being the injection can be embedded into a cohbuu- 

tative diagram 0 C D . 
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(iii) for every ri^t ideal u of H and every H homomorphism f : u -»■ M 
there exists a m in M such that f(a) = ma for all a in u. 

Rroof J (i) ■''•>(ii) trivial. 

f f 

(ii) * > (i) Consider 0 A -»■ B where 0 A -► B is 

gi 

exact. Then f(A) = C is a ri^t H -module contained in B and g^:G -»• M 
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given by g*(f(a)) = g(a) is a l-bomcaaorjiiiaQi. Let G be the-, sub- 
module of B generated by C, then 
__ n 

C = { ^ -b^ + + b^ I b^ e B, e G} . 

i=1 

_ n n 

Define g": G M by g»»( I -b^ + o^+ b^) » I g' (f(a^) ) . (cj^-f(a-)) 

i=1 i=1 

We note that g” j = g* and g’o f } = g. To show that g” is well 

C A 

defined we show that g” v anises on zero and that g'* is additive, 
n 

For this let J ( "^i + 1^^) =0* Then 

i=1 


or f(a^) = E(b^-b^)+ f(-a^)+(b^-b^)3 + + • 

... + [(b^-b^) + f(-a2)+ (b2-b^)]eC. 

Hence g'(f(a^)) = g’(R^.S.) = g"(R^-S.) = g’(f(-a^))+ g’(f (-a^..,)+- • • 

+ g’(T(-a2)^ 

or g(a^) = g(*-^) + •••+ g(-a 2 ) 

= -g(aj,) - g(a^_.,) - ... - g(a2) 
n n 

or ^ g(£^) = 0 = g"( ^ -b^ + f(a^) + b^) 

i =1 i =1 

n ' m 

How let I f(a^) + b^), I (-b^*+ f(^') + b^’) be any two 

i =1 1=1 
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— ^ m 

elements of G. Then g” [ T (-*4 + f(a=;) + ^4) + T (-!>.* + f(a.’)+ 1^.^)] 

1 = 1 "^ ^ i=1 ^ ^ ^ 

= I g^(f(a^)) + I g«(f(a.O) 

i=1 i=1 

n m 

= s" [ I ("V I (-\'+f(a. •.)+W)3 

i=1 i=1 


It can he cheoked that g" i s H-linear and hence a IT -homomorphism. !Ehus 

hy (ii) there exists a N-homomorpiiism h: B -»• M such that h{ * g", 

C 

We claim that h' o f st g.Por this let a e A, then f(a) is in C and 
hence in C. 

So that h(f(a)) * g"(f(a)) =« g’(f(a)) = (g’o f)(a) for all a in A 
or (h 0 f)(a) = g(a) , which implies that h o f * g. 

We now prove the equivalence of (ii) and (iii). 

(ii) - >(iii) trivial 

(iii) >(ii) consider 0 -»■ C ^-> 1 ) where C is an M’-submodule 

g 4 - 

M 

of the ri^t N -module D. 

Put X * {(C, g’) 1 G* is a N-sulanodile containing C and g' 

an N-homoffloi^hiau such that g* j = g } 

C 

As usual we can check that X has a maximal el®aait, say * 

claim that C = D, If not, let z he in B such that x i G . 

O ' O 
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Let u={a6NjxaeC^}. Bien u is a ri^t ideal of N, 
Define f ; u ^ M "by f(a) = g^(xa) for all a in n. One can check 
that f is an F -homomorphism. So the3?e exists an m in M such that 
f(a) = ma = g^(xa) for all a in u. 

Let fg ' * X N + C^-i- X F -»■ M be given by 

f (xr -h c + X r ' ) = mr + g (c ) + mr' . 
o ^ o ' °o o 

We wish to show that f’ is well-hefined. To thi s end we show that 

0 

f ' vani^es on zero and that f is additive, 
o o 

Let xr -t- c + xr’ = 0 for some r. r’ in F, c in C . 

O ’'00 

Then c = - xr - xr' = x{-r-r*) e G and so (-r-r') is in u. 

So = f(-r-r*) = m(-r-r’) = -mr - mr' . 

Hence mr 4- SqC'^q) + thus f^Cxc + c^-^ xr*) = 0. Secondly 

let xr + c + xr* and xs + c ' -i- xs* be any two elements of 3 ®[ G -i-:3dr. 
0 0 o 

Then f {(xr+c^+xr') + (xs-t-c^'+xs* ) } 

= f^[(xr-^xr*)-t-(-xr'-h3^-(-xr') +(xs + c^-xs)-i- (xs+xs*)] 

» f’ fx(r+r') b + xfsfs*)] where b =(-xr'-i-c +xr*) 
o*-^ o o o 

+ (xB+o^'-xs) e 

= m(T+r*)'4- [(-xr*4-c^+xr*)+(xs+ c^'-xs)] + m(s+s*) 

« m(rtr*) -tg^(-xr' +c^+xr*)+ g^(xs+c^*-xs)-t- m(&4-s‘) 

= f^[x(r+r*)- x^*-^ c^-i-xr*3 + f* (xn +cj^ -xs + x^s+s*)] 
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= + Cq+xp’) + fg(xs + + xs') 


Hence f is well defined end additive. Now since f’ is additive 
o o 

and (N,+) is generated by a set of distributive elements, it can be 
seen that f^ is N-linear and hence a F-homomorpiiism. 

Moreover f * I = g and f ’ j = g I = g 

°C^ ° °'c °'c 

Now let A be the N -submodule of D generated by # + C^+ Ihen 
n 

^ ^ I C‘^i+(^i+°o-+’°^i^ D, e N, c e C ,1^i^ 

i=1 ^ i 


n} 


Then- clearly C ^ ^ O A<^13. Consider the mapping 


f^" : A M given by 


^i)+ y - iTj') 


To show that f” is well defined let us take 

y> El 


I I-d^ + (3r^+ c^ + xr!) + d^] = n-^i+(^i+ °Oi+ +^^3 in i- 

i=1 i 


i=1 


m 


Then (xr^+ Cq^+ sr’ ) = I + (3!W^+c^+ ^l) + (d^- d^)3 

1 i=1 


... + [(d^-dg)- (sr2+Co2+xr2) + (dg-d^)] 
But since - + Oq^ xr^) = Cq^+ 30^) (-l) for 2 ;< k <_ n 
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we iiaye that 

“ I °o.+ 

i=1 1 

- ^o(=°=2-^°02+^P- 

n , , m 

Hence J fQ(xi^+OQ.+xr\ ) = ^ f^(xw^+CQ_+ xjr^), which in^jlies 

i*1 ^ i=1 ^ 

that is well defined. One can check that f ^ i s an N-homoBiorphLsm 

and f ” I = g. Heme (A, f”) e X and (C^,gj^) < (l, f^), which contra- 
G 

diets the choice of (C^,^). Hence C^= D, which proves the resalt. 

§ 2. Construction of an Injective Cover of ^y m^t H-^odule, 
when N is a left d.g. nem-ring. 

2.1. We call a near ring module I to he an injective cover of a 
given near ring module M iff there exists a monomorihism from M into I. 

To construct an injective cover for a given near -ring module A 
we proceed as follows: 

Let N he a left d.g. near ring with identity. For aiiy arhitra- 

ry set S, let Fg = {f ;S -»■ N|f(s) = 0 for all Imt finite miinher of 

elements in S } . 

Fg is an additive group and if for any f e ^'g n e N we define f .n 
by (f .n)(s) = f(s)n for all s e S, then Fg is a ri^t N-module. 

For any s e S define f^J S H by fg(x) *= 1 if x = s 

= 0 if X ^ s. 

Then fg e Fg. Define f : S -> Fg by f(s) = fg for all s e S, then 
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t[f is one-to-one map and we can say S O Fg after identifying s 


with f„ 


We need the following resullsi 


2.2. Lemma : T (-f^t X^s-+ f . ) =0 implies that s.= 0 for all 

i=1 1 i 1 1 i 

1 i ± n, where f^ e Fg(l £ i <_n), e S, e H and all A^* ® 

are distinct. 

n n 

rtoof *. We hawe 0 = (-f.+ A.S.+ f.) = I (“f.+f s-+f.) = <*>(say) 

i=1 i 1 1 1 Ai 1 i 

e Fg. Hence = 0 for all 1 £. n* So that 

{-f^(A.)+ f^^(Xi)s^+ f^CX^)} + ... + {- fi(X.)+ ^i^^i)^ + 


or {- ^^-j(Xj^) +f^(X^)}+ ... + {-f^(X^)+s^+ f^(X^) }+...+ {-f^(^j_) +^(X^)}=C 


or -f. (X.) * s. + f. (X.) =0, which implies that s. =0. 

1 '^ X ^ 1 

n 

2.5 . Coro liar j ; Sippose \ ^“^i'*' ^i®i‘*'^i^ " where f ^ e Fg, 

i=1 

X.e S- and s- e H. Let X. he repeated k times, that is X.= A. = X. = 

1^1 X Xl-j X 2 

k 

X . = . . - = X . , then T -f . (x. ) + s . + f - (a. ) = 0 and for non 
^3 ^ i=i 5 "-j ""i ^ 

repeated A^(c ^±')t 

i^oof : As in the previous Lemma 4>(X^) = 0 in^lies that 
'k 

y (-f. (A:)+ s- + f. (x.)) = 0 foi^ repeated A.(j i), i(x.)= 0 

3=1 ^ ^3 d ^ d d 

implies that -f-(X.)+ s.+ f^(X.) » 0, ^cih means that s. = D. 

3 3 0 3 3 0 
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Now to construct an injective cover for a ri^t module A over 
a d.g. near ring N, we first define a module D(A) containing A and 
satisfying the property: 

* If I is a right ideal of N and f:I A is a right N -homomorihi sm 
then there exists an element g in D(A) such that f(X) = for all X 
in I. 


Let ^(ij f) 1 I is a right ideal of N and f : I -»■ A is a 

ri^t N -homomoritoi an } 

■ Then is aright N-module. Let G = submodule of A F^ generated 

hy the elements (g(X), - (l,g)X) with (l,g) in $ , X in I . Thai 
n 


i=1 


e 


X . s I,s. e generating 
set of N} 


n 


= il (-a.+g.(x.)s^+ag_,-f. XiS.+ f.)} 

i=1 


Let D(a) = A X F^ 1 G. Define ^ : A D(a) hy 4>(a) = (a,0) + G, 
then 4* is an N -homomorphism. We now show that <{> is one-to-one. 

Now <!>(a)= 0 iQpilfes(a,G)+ G = 0 i,e.(a,0) e G . 

n 

(a,0) = I (-ag_+ ^(X^)s^+a^, -f^ X^s^+ f^) 

i=1 


= ( I {-V V » I {-fi-(li,^)XiS.+f.} ) 

i=1 i=1 


So that 
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n 


Hence a. z= \ -a_ + + a- 

i=1 

and 0 . . j (^. - (I., ^)x,a.+ £j) 


i=1 


If (l. , g. ) is not repeated for any i, then by 2.2, ^.s. =0 for i=1,2, 

. ..n. Hence a = 0, -vshich implies that <; is one-to-one. 

Suppose now that (g^(^^), repeated k times, 

- (l^jg^xp is repeated I times and so on, ( ggCX^) ,-(ls,gg)Xg) 

is repeated r times, Eien 

(&(x.),- (ii,gi)x.) = (a (X ), -(I. ,g n- ) = ... = Cg.. (x. ), 

- V 

• . ^(Xi) . 


mi (ii,ei)x. = (I , & )x, - (I, , g, )x = ... ^ (I )x . 

i2 Xj^ ijj. Xj^ 


Put (I.,g..) = b . ihen by 2.3, 0 = I [-f (b )- X %+ f.(b )] 

XXX x^ X i3 X 

¥e get similar ec[uations for the other irepeated (l,g) X ® and we get 
that Xj^Sj^= 0 for non repeated (1^^, X^^ . Hence for non repeated 

(Ijj., g(Xjj.Sjj.) = g(Xjj.)sj^ = 0. So in the eapression for a, 

only the terms corresponding to those indecies, for which (lj^,^)X^ 
are repeated, occur, other terms become 2e3x>, 

So in the expression for a, some of the X will be repeated. 
¥e wish to collect together those terms in the expression for a which 
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have the same ^ occuring in them. For example if 

+ {-a^+ g2(^2^4^ + ^4^ 

then we wish to bring the fiist term and the third term side by side 
and second teim arti fourth term side by side. ¥e can do this as follows! 

a = {-a^+g^ (X^s^)+ a^} + {-62+ g^(X2S2)+a2} + { -a^+g^ (X ^ s^)+ a^} 

+ {-a^i g 2 (^ 2 ^ 4 ^ + ® 4 ^ 

= {-a^+g^(X^s^)+ a^} + li-a^+ ^(^2^2^"^ 

+ {a^-a2“g2(X2S2)+ a^}] + {-82+ g2(X2S2) + } 

+ {-a^ + g 2 (X 2 a^) + a^} 

= {-c^+ g^(x^s^) + c^} + {-C 2 + g^(x^s^) + C2}+ {-o^+ g^{x^3^)+ o^} 

+ {- C 4 + g2(X2S4) + 04 } 

= {-c^+ g^(x^t^) +c^} + {-C2+ g^(x^t2) + C2} + {-Cj+ + Cj} 

V ^ 2 ^^ 2 *P + ® 4 ^ 

where c^= a^,-02 =“32+ ®2“ °5 ^2* °4“ ^"4’ ^1’ 

t2= t!j = Sg, t^ = and Cj_* s are in A for all i = 1,2,3»4* 
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r ^ 

In general a = I {- c - (X t )+ c- }+ I {-c -g (X i )+c. } 
0=1 0 0 0 0 0 P=1 ‘^P ^P ^ 


> • Hh 


I 

IIi=1 


m 


g (X t ) + c } , 
°3 '■ s S ' S 
m m m m 


Let Q be the subgroup of F generated by {f. ,f. , . ..,f. } 

* ^ A ^1_ 


1 - 

arbitrary element of Q is of the form u = T + 0. where 6. is 

j - J 0 


Then an 
f^ for some r( 1 r ^ k) . 


How 


let J [u^(b^)+ x^t^-u^(b^)3ju^ e ft, e e H } , and 


let g' 


B. 


A be given by 


g 


^3 - 


i t? Xjtj- u (T,. ) }] . I {a - %(x.t,)- a.} , 


Where 


'l + c. whenever u. = ^ ± • ^en clearly g. 


IS 


r . < k r - 

0 - 0 


r. < k “r . 

0 — 0 


additive and g^*(x) = - ^(x) for all x in . 

To prove that is well defined, we only have to diow that 

m 

v= y ru.rb.'i + x.t. -t_., 

0 

u= I 

. .'b. 'll = u fb. ) - X t - i 
0 1 0 0 0 


g^'(o) = 0. For this let y = I " 

m-1 

5hen F fu . (b. )+ x. t . - u . (b. ) ] = u (b. ) - x t - u (b. ) 

^ 1'^ 0 0 0 1'^'* m^ 1 mm m^ i 

0=1 ■ 


0 . 


m-1 


or -r^Cb.) + I [Uj(bi)+ r^tj * ' V. 

3 I 


m 


m-l 


or d = J it(-u.^+ up(b^)} + x^t + u^)(b^)}3 = 

0=1 

Hence = %(d) = " g^|(^) which^implies that 
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m-l 

%?'i 

0““ ^ 

= [(-ajj^+a^) - +(-a^+aj^)3 + [(-a^+a2)“ %(^'t2) 

+ .., + [(-a^+a^_^)- + (-a^_^+ a^) ] 


So that gi(x^t^) = - a^+ {a^- g. (3c,t^)-a^} + {a^- g.(x2t2)- a^} + 


o •+ 


+ {a ^-g. (x .t )-a ^} + 

m-1 m-1 m-v m-1 


a , 
m’ 


m 


which implies that ^^(y) = { a. - g^(x.t.) - a. } = 0 . 


D=1 


3 3 


Since ^ (^i)” s- + f. (h, )} = 0 is in we hasre 

3=1 ^3 ^ ^3 ^3 ^ ^ 

“ ® i -\\* + v 

3=1 3 33 3=1 3 33 


k ■ , 

= I ° i .^ %^^ i ^ = ^ i.^^i ^ 

3=133333 3 3 

3 = 1,2, . . .k. Similarly we can show that the other summations in the 
expression for a are zero. Hence a = 0, giving that ^ is one-to-one. 
Hence A is contained in D(A) . We now show that D(A) has the property *. 
For thi s let I he a li^t ideal of H and f: I-»- A a ri^t H -homomorphism, 
then for all X in I,f(x) = (f(x), O) + S = (O, (l, f)x)+ G = gx . 

Let 12 he the least infinite ordinal mmher whose cardinal is 
larger than that of the near iring H. We define Qq(a) for a _< X2 hy 
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transfinite induction as followss 

; if a = 0+1 then Q^(a) -} if a is a limiting 

ordinal then Q(j(a) is the union of Q.g with g < a . We now prove 

that Qq (a) is injective. Let fsl-^ (a) where I is a ri^t ideal • 

of 1. Then hecause of -fiie choice of Q we have f(l) O (a) for 

some a < . Then hy * tharef is saa elemmt g in Q£i^(A)) 

?QqCA)_ witfo" fCxy = g\ for ail X iii I:. T^ius Q^CA) is'i injective and. 

A^Qjj(A). Thais Q^CA) is an injective cover of A. 

§ 5 • Injective Hull 

Throu^out this section N will denote an arbitrary near-ring, 
not necessarily d.g. 

Althou^ the results in this section and their proofs are similar to 
those in the ring theory case, they are included here for self suffi- 
ciency. 

5.1. We call a monomorphism k : M ->• B direct if there eidsts a 
homomorphism it i B M such that it ° ic. = 1. 

Remark ii k : M -»■ B direct implies that B = kerir+ Im ic and 
ker TT n Im K = 0 . 

Remark 2: Let I be an injective module such that I = K + L for scaae 
sub-module K of I and some N-aibgroup L of I where Ka L s= 0, then K 
and L both are injective. 

5 .2. Proposition ; M is injective iff every monostnorphism k : M B 


i s direct 
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Proof J Sappose every monomorphi sm M Bis direct. In particular 
mono K ; M I is direct, where I is an injective cover of M. ®iis 

implies that I = K + ic(M) where E is a submodule of I such that Ert k(m) 

= 0. Hence < (M) ^ M is injective. 

Conversely let M be an injective module. Let k : M B be 
any monomorphism, Then by injectivity of M there exists a homomorphism 
IT ; B ^ M with ir ° k = 1 . 

5.5» Definition ; A module P containing M (not necessarily as a 
submodule) is called a weakly essential extension of M provided every 
nonzero submodule of P has nonzero intersection wife. M, 

5 . 4 • Lemma : Let P be a weakly essential extension of M and let I be 
an injective module containing M, then the identity mapping of M can be 
extended to a monomorphi an of P into I. 

Proof : Since I is injective, the identity mapping of M can be 

extended to a IT -homomorphi sm <{> : P ^ I, hence ^ M = 0. Since 

P is weakly essential extension of M, (?) (O) =0. 

5 , 5 . ^o£osition s M is injective if and only if M has no proper 
weakly essential extension. 

Proof ! Suppose M is injective and P is weakly essential extension of 
M. Then P = E + M for some submodule E of P such that E ri M = 0. This 
implies E = 0, hmce P = M. Therefore Pis not a proper extension. 

Conversely assume that M has no proper weakly essenti^ extension 
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Let I be an injective module containing M, and let M' "be a suLmodule 
of I which is maximal with respect to the property that M A M’ = 0. 

We shall see that I/k'* is weakly essential extension of (M*+M)/M* ^ M. 
By assumption, T/M.^ ^ M, hence I = M'+M. Since I is injective, we have 
M is injective. 

It remains to daow that I/M' is an essential extension of 
. Let he a submodule of I/k’ (- — is a aihmodule of l) 

aich that A (M«+M)/k' = (o), that is K n (M'4M)'«S M» . IhaB 

KA M c M n M’ = 0, hence by the maximality of M’, K . Bms 

K/k' = 0 and our proof is complete. 

To say that P is a maximal weakly essential extension of M 
means that Pis weakly essential extension of M and that no proper 
extension of P is a weakly essential extension of M. 

5.6. Proposition ; Every module M has a maximal weakly essoatial 
extension P. Qhis is unique in the following sense; If S is another 
maximal weakly essential extension of M, then the identity mapping of 
M can be extended to an iscxnorjhism of S onto P. 

Proof : Let I be an injective module containing M. The union of any 

simply ordered family of weakly essential extensions of M in I is also 
weakly essential extension. Hence by Zom’s lemma, M has a maximal 
weakly essential extension P in I. 

Now let S be any weakly essaatial extension of M containing 
P, not necessarily in I. S is, also a we^ly essential extension of P 
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(U 0 satmodale of S ==^ Oj^M A TJ ^ U). By igrTma IIi3*4 fiie 
identity mapping of P can "be extended to a monomer jiii sm (|) : S ^ I. 
How (fi(s) 2i S is a weakly essential extension of P and is in I . Hence 
<I>(S) o P =»4i(s) ^S9.p^S.SoP=S. Iherefore P is a maximal 
weakly essential extension of M, not just in I, Tmt aisolutely. 

Any weakly essential extension T of P is a we^ly essential 
extension of M. Por, TJ ^ 0 submodule of T 0 / TJ n P aibmodule ofP, 
So O^MA(irAP) = Ufl(M#1lP) = UAM. ‘Therefore P has no proper 
weakly essential extension^ hence is injective, by PropositionII,3,5, 

If $ is any weakly essential extension of M, by 11,5.4 we can extend 
the identity mapping of M to a monomorihism of S into P. If S is 
maximal, this is an isomorphism. 

/ 

5.7* Proposition : Let P be an extension of M. Ihe following 
statements are equivalent s 

(1) P is a maximal weakly essential extension of M* 

(2) P is a weakly essential extension of M and is injective. 

(5) P is a minimal injective extension of M, 

P is called the injective hull of M. 

I^pof ; Assume (1). Ihen P has no proper weakly essential extension, 
hence is injective. Hms (1) implies (2). 

Assume (2) and suppose I cP, I injective. Bien P = K +1 for some 
submodule K of P with K A I = 0. Bit P is a weakly essential extension 
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of I, hence K = 0, so that P = I. Thas (2) implies (3). 

Assume (5) and let S he a mammal weakly essential extension 
of M in P. Then S is injective (as above), hence S = P. Ihus (5) 
implies (1) . 



CHAPTER III 


CLASSICAL NEAR RING AND MODULI: OF QUOTIENTS 

Let H "be a near ring containing sOTie non zero -divi sors ani S "be 
a semi group of some distriMtive non zero -divisors of N. in extension 
near ring G of N is called a classical near ring of left (ri^t)quoti- 
ents'of with respect to S iff 

(i) 1 e C . 

(ii) elements of S are invertible in C, 

(iii) for all x in'G there exists X in S aich that Xx 
(xX ) belongs to S'. 

Here we construct (using Asano's method [1] ) classical 

near rings of left and ri^t quotients of a left unitary near ring H 
with i^espect to S(a semi -group of some distributive nonzero divisors 
of S, containing 1), and show that classical near ring of, left quoti- 
ents, of S with respect to S, is unique, upto isomorphism. 

In general we do not know whether all the classical near rings 

of right quotients of H with respect to S are isomorphic. However we 

have shown that a classical near ring 0,^ of ri^t quotients of H with 

• -1 

respect to S, is unique if it has the property that X is distrilxi- 
tive in whenever X is in S. 

It is also shown that the concepts of classical near rings of 
left and ri^t quotients are quite independait of each other. 
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inalogous to the construction of the classical near ring Q' of 
right quotients, we give the construction of a module M of q.uotients 
for any ri^t module M over a d.g. near-ring K. 

We show that : T?h.enever Mis S-free (ms = 0 implies m=:0 for 
every m e M and every s e S) , M is an injective Q'- module (or 
injective N-module) iff every N -homomorphi sm f: I M, I- a ri^t 
ideal of ff, can. he extended to an N-homomorjhiaa g; J -»■ M, where J 
is a ri^t ideal of N containing I ard containing an element of S. 

As a Corollary to the above result we get; is injective 

iff for every N -homomorphism f; I ->• N, I-a ri^t ideal of N, there 
exists an N-homomorphism g; J IT, where J is a ri^t ideal of N 
containing I and containing an element of S and g is such that 
g(x) = f(x) for all X in I. 

§ 1. Classic^ near ring of ri^t quotients. 

1.1. A near ring N is said to have common ri^t multiple property 
(C.R.M.P,) iff for any a in If, X in S 1here exists a' in 1 and X’ 
in S such that a x* = Xa’ . 

We need the following ; 

1.2. ; If S satisfies C.R.M.P. with respect to S then for 

finitely many elements, Xj^,X 2 ,...,Xj^ of S there exists p in S such 
that y = X.]C^= X 2 O 2 ~ •*• = X^c^ (c^ e • 
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^oof : The proof is hy induction on n. Suppose the result is true 
for n-1 elements, that is there exists y' in S and c^' (i=1,2, . ..,n~l) 

in K such that y' = ^2°2 " **" = ^n-1 °n-1* ^ 

and there exist v in S and c' in N iwith y = y’v = that is 

y = = X 2 C^v = ... = or y >= XjCi=X2‘^2=* • ♦ = ^n^n' 

1 . 5 . 3)efiiuti_on ; A ri^t F-aihgroup is called regular if it contains 
at least one element of S. 

1 . 4 . We note that if H has C.RJS.P. with respect to S, then 

( 1 ) The intersection of finite number of regular ri^t H-sub- 
groups is again a regular ri^t H-subgroup. 

( 2 ) For any regular ri^t N-subgroup A and for any a in U 
there exists y in S such that ay belongs to A . 

One can easily see that if N has a classical near ring of ri^t 
quotients with respect to S then H has C.R. M.P. with respect to S. We 
do not know whether the converse holds. However we have the following: 

1 . 5 . Theorem % Let H be a left near ring satisfying the following 
conditions; 

(j) C.RJS.P. ; Given a in H, X in S there exists a' in N 
and X’ in S aich that a X* = Xa* . 

(ii) Whenever a sasi X bith belong to S, a’ is distributive. 

Then H has a classical near ring of ri^t quotients. 
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Rcoof ; For each XeS, XNisa regular ri^t F-subgroup. Set 

= {e| 0 ; XF 1 such that e(Xry3 = e(Xr)p Vre F ar^ ail 

distributive element u in F} . Let Y = U . In Y define the 

X e S 

following relation 'V' there exists X in X^ FrtXg ^ S 

such that e^(x) = 82 ( 1 ) where 8 ^ e y (i= 1 , 2 ). Clearly ' -v » is a 
reflexive and symmetric relation. To show that it is transitive also,, 
suppose 8 j^ A. e 2 and 82 ^/ 0 ^ where e Y^^, (i=1,2,3). This implies 
there exists s X,jF n X 2 F S and X 2 ^^ X^F n S such that 

^ 2 (^ 2 ) =^ 3 (^ 2 )* view of C.R.M.P. we have that 
there exists x' e F and X' e S aich that y,j X* =^2 * Since y^^, 

y 2 bolh. are in S, x’ is distributive. Since 8 j^ andO^ coincide on 
y = y^x* = y,jX* e y,jF n y^F n S C X,jFaX 2 F h n S, we have 8 ^^ a- e^. 

Let Q' denote the set of equivalence classes of Y with respect 
to the equivalence relation defined above. Addition in Q' is defined : 
as follows: Ij®t [ 0 , [ 82 ] be any two elements of 0 ,' where 8 ^^^ has the 
domain X^ F (i=1,2). Then there exists x' e F and X’ e S such 
that V =Xj^X*=X 2 x’. Define : '^F F by ^(v r) = SjCvr) + 82 Cvr). 
Then <j> e Yy . Fow if x?' £ F, X" e S are another set of elements 
such that V’ = X^X" = XgX?’ e X^F fq X 2 F ^ S, then for ; v’F -> F 
given by T|)(v’r) = 8 ,j(v'r) + 02 (u’r) we have that 41 e Y^ , and that 
[(J)] = [ 4 )] . Hence without ambiguity we may write 6 ,^+ 82 • 

Thus 0,j+ 82 : F -»■ F is given by ( 8 ,^+ 02 )(vr) = 0,j(vr) + e 2 ('^r). 

We write £0,^3 + [Sg] = [ 8 ^+ 62 ] • 5?o show that the addition is 
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well defined take [ep , [e*] in Q’ aich that 9]^ ''' 9^ sndi 62 '^ 9* 

where 0 ! e Y (i= 1 , 2 ). Then [ 6 *] + [e'] = [ 0 ’ + e»] where 0 '+ 0 *: 

12 

VN •> N, Here = X 2 '^' e AX 2 ’N some X" e S and 

some x" e H. 

Now 0 ^ 0 ^’ implies there exists Vj_ e X^KAX^'Hr^ S 

such that = 1j2). In view of C.RJi.P. we have 

that there exists h e N and s e S such that p^s = V 2 ^ = y e S and 
there exists b' e N and s' e S aich that vs' = v'b' = t^ e S. Given 
y , t^ we have the existence of a e N and t e S with yt = t^a = 
v" e y N n t^N S o vN n v' N r» S’. Since ( 0 ^+ 62 )(v") = ( 6 ^ '+ 92 ')(v") 
we have that [ 9^+923 = [ 6 ^' + 82 ’] , which implies that the addition 
is well defined. 


It is easy to see that (Q' , +) is a group. 

To define multiplication in Q*, take [ 6 ^ 3»[923 any two elements 
of Q' with 8 ^ e (i= 1 , 2 ). Befine 9^' s X^N ^ N by 9^'(x^r) = 
8 ^(X^)r, then 6 ^* e Y^ and [9 ^ '3 = [ 8 ^ 3 '• Is’t ^ ^ such 

that 82 (v) e Such a P exists since for any t e X^ n S and 

k e A S we have that 82 (’^^)x* = k x’ e X^H for some X' e S and 

some x' e N. Since X' is distributive we have 62 ('rX') e X^H. 

Clearly tX' e 12!^ AS, take y = x X' - 

Let <^ ; yN ^ N be given by (^( yr) = 9^'( 6 2 (p)^)* Bien 
4 e Y^ and if y’ e X 2 H A S is another element such that 92 (y') e 
and if ; y 'N ->■ H is given by 'P(v'r) = 9^' ( 82 (y ')r) then 4 = i{» 
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on S A V H rvv’U and hence [iji] = [if;] . So withov.t amhiguity we can write 
<{> as ' o ^ 2 ' write [B^I =[ 6 ^’ o 823 • show that mlti- 

pHcation is well defined, take [<{i^ ] , siich that e 

(i=1,2) and 9. “v (^ , As hefore define 4> . * : y.K N by = 

<{>^(v^) r and let y* e ^ S such that <!> 2 ('l^’) ^ ’{' s 

y»N N be given by y«r) = 4'^ '(<f' 2 (y ')r) • Ihen E 4>^ ] [ 4'23 = 

[4'3 = [4>^‘ o . 

Now 6, i'V ({). iir5)lies there exists s- e A.N n y. N n S saoh 
that = 4>j_(s^) ( i=1,2). By C.E^.P. there exist elements 

a, x', d' in N aid elements t, X*, X" in S such that s^t = Sga = b e S, 
yX>=yix’=v eS and bx" = vX'' = v’ e S. Moreover a, x' , x?' are 
distributive and 62(v') = 4)2(v’)* 

Next let p be an element in v'N n S such that O^Cp) e s^N. 
Now p e v»N implies p = v'r for some r e N. Since p aid are in 
S, r is distributive. Hence 4 > 2 (p) = ~ 

n^ e N. Also <t>(p) = 4)(v’r) = 4)(yX>X" r) = 6 ^ ’ (e 2 (y ) X^ X” r) = 

'= = e^’(s^n^) = 0|'(x^r^n^) = e^(x^)r^n^ = 

8^(^^3'r^)n^ = 0|(s^)n^. Since s^ = ^i^i some r^ e N(i=1,2) 
and since s^, X^ both are in S, r^ is distributive in S' (l=1,2). 

Similarly 4'(p) = 9^(s^)n^. Since p e y N o p»N r\ S we have 
E4>3 = Ef] that is the multiplication is well defined. 

It is a routine matter to check that Q* is a left near ring. 
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Now ^ : IT Qt given "by 'J>(c) = is a near ring isomor- 

G 

phism where 4' : H "*■ I is given by 4 (x) = cx. After identif 3 dng 
IT with l'(jr) we have that H C Q' . Moreover since 1 £ N, [4^] £ 0} 
and it is the identity element of Q’ . 

We note that for any 1 £ S, 6 ; XK N given by 6(Xx) = x 
belongs to and = [6] [(}>^3 = t diowing that the 

elemoits of S are invertible in Q,' . 

Lastly, take q. £ Q' . Then q = [t|^] for some 4 £ and some 
^ £ S. Recall that 4* ; XN ->■ H is given by Tf('(Xn) = ip(X)n for all 
n e N. It is easy to see that [4] £ 0(H) . 

Hence for any q e Q,’ there exists X in S such that qX e H. Thus we 
have shown that Q' is a classical near ring of right quotients of H 
with respect to S. 

A natural question arisess Is 0,' a d.g. near ring whenever H 
is a d.g. near iring ? We have shown here that whenever N satisfies 
(ii) for any X e s, r £ I, Xr distributive in N implies that r is 
distributive in H. 

Then 0,' is d.g. whenever I is d.g. 

Rem ark ; Condition (ii)V implies condition (ii) of Theorem III . 1 .5 
and so whenever conditions (i) and (ii)* are satisfied in a Itft near 
ring H, Q* exists. 

Ror a left near ring H satisfying (i) and (ii) ’ we prcve idie 


following results. 
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1 .6 . Proposition ; If X belongs to S thenX is distributive in Q’ . 

Proof 5 Let [8^] , [S^] be arbitrary elements of Q* where 8. e 
(i = 1,2). For each X e S, we wish to show that {[8^] + [82]} = 

rei3[<!>x] * 1^23 [<>x3 , that is [C8j^+e2)’ o 4!;^3 = [82 <» 4);^ + 9^ o 4>j^3. 

In view of C.SJI.P. there exist elemoits x’ e N and X* e S 
such that X^x' = X2 X* = v e S, x’ is distributive since X^ and X^ 
both belong to S. The domain of 6^+ 8^ is vF. Let V e S such that 
^X (v) E vN. How ({'x(^) ^ Xp = vr for some r in N, since 

X, V are in S, r is distributive. 

Now let e S such that ^ (i = 1,2). Say 

<{>x(Vi) = X^r^ for some dL sbributive r^ , since X and X^ both 
are in S. Given y^, S there exist elements x?' e N, X” e S 

with X?’, distributive, such that y^x” = y2X" = v’ e S. Again there 
exist elements a e H, s e S with a distributive, aich that b = ya = 
v's e S. It is easy to see that (8^+ e^)' o 4>;^(h) = 6^* o (h) + 
®2* ° > from which the result follow. 

1.7. Corolla^ ; For each X in S, X "* is distributive in Q“ . 

— *1 — 'I 

Proof : For any '3-', (q.^+q.2) ^ ^ X + qg X X 

-1 —1 — 1 _■{ — -j 

= (<1^^ + ^2 ^ • Hence (q^+ ^2)^ = <1^X + q2 X 

1.8. Corollary : Any distributive element of H is distributive in Q* 
also. 
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^oof : Sappose <3.^ = [8^] , ^ ~ elements of Q' 

and X le £2iy distributive element of I. If is the domain of 

8^(i = 1 , 2 ), we have the existence of x' e K, x' e S such that 
= ^2 ~ ^ ® being distributive. Let h £ S such that 

= xp e vU that is xu= vr for some distributive r in N. 

Then VH is the domain of (6^+ 6^ « ^ 

Igain let p. e S such that 4 > (p.) = xp.= X.r. e x.'S. (i= 1 , 2 ) 
for some distributive e H. ¥e have the existence of x?' e N and 
X" e S such that p^x" = p^ X” = v’ e S, x?' being distributive. 

Then vtK is the domain of o ®2 * ^x* also- have the existence 

of a 2 IT and s e S, with a distributive, such that pa = v’ s -r= v" e S. 
Since ( 0 ^+ o = 6^' o (v") + Sg’ e we have the 

X 

requi2?ed result. 

1.9. Proposition s Ihenever (N, +) is generated by a set of distri- 
butive elements, so is (Q’, +) . 

-1 

_^oof “ q £ Q' q = a X for some a e N and some X e S. 

= (s^+ S2+... + s^)x ^ 

“1 -1 -1 
= s^ X 4- S2 X + ... + 1 by Cor. TTT .1 .7 

where s^(l £ i 1. n) belongs to the generating set of (H, +) . 

-1 

Since in view of Cor .III. 1.8 each s^ X (l :li^ n) is 
distributive we have the required result. 
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One would like to know if all ’classical" 'ieft near rings of 
right quotients of II with respect to S are isomor^c. We do not 
know the answer in full generality. However, one can prove 

1.10. Theorem : If is a classical left near ring of right quotients 

“1 

of H such that whenever X is in S, X is distributive in ,1 'theii.' - 
is' istaaorphio to . 

§ 2. Classical near ring of left quotients* In this section we will 
give a necessary and sufficient condition for "the existence of a classi- 
cal left near ring of left quotients of N and prove that a classical left 
near ring of left quotients of N is unique upto isomorphism. 

2.1. Definition s , A near ring H is said to have common left multiple 
property (C.L.M,P.) with respect to S if for any a e H and X e S ihere 
exists a' e H and X* e S such that a*X = X* a. 

2.2. _^eorm s A left near ring H has a classical left near ring of 
left quotients with respect to S iff it satisfies C.LJS.P. with respect 
to S. 

Proof ; Hecessasity follows immediately from definition. So prove 
sufficiency assume that H satisfies G.L. M.P. with resp^t to S. For 
each X s S, NX is a regular left N-subgroup. Set = {e|e : NX -> N 
such that (rx)6 = r(x)9 for all r e N and all % e NX} . Put X = U • 

Xes 

We say 9^ 9^ iff there exists X e N X^ N X^ S such that 

(X)9^ = (X)e 2 where N X^ is the dcmiain of 9^( i=1,2) . As before 
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is an equivalence relation. Let G» denote the set of equivalence 
classes of X with reject to the above defined equivalence irelaidon. 

Addition and multiplication in C* are defined as follows; 

1^*1^ [®-j3 f [^o3 elements of where N X. is the domain of 6. 

* ^ .1 i 

(i=1,2). In view of C.LJI.P. there exists x’ e N and X» e S, such 
that V = X'X^ = x’X^ e NX^n KX^ n S. Define <;> : Hv S by (rv ) 4. = 

= (rv ) + (rv )e2 for all r e As in the proof of Theorem III. 1.5 

it can he easily seen that the addition is well defined and that 
(C’ , +) is a group. 

[6-j] j [62^ ^ “ 1j2). Suppose 

li e ITX^ n S such that (y)0^ e N Xg and define ifi : Ny ST hy 
(ry)(J)= ((ry) e^) Sg* Kien <|) e X^j and we write [8^3 [e^j = [<?)] . 

As in the proof of III. 1.5 it can he easily seen that C is a classical 
left near ring of left quotients of N with respect to S. 

Now let B he another classical left near ring of left quotients 

of N with respect to S. For any h e B there exists X e S and x e N 

^ "“i 

such that h = X x. Let if; ; B ->• C he given hy (h) f => ( X x) 4 > = [0] 

where 8 ; NX N is given hy (yx)e = yx for all y e N. Let X^ x^ 

= ^2"^^ e B and e^s N X^ N he given hy (y X^) 6^ = y x (i = 1,2) 

for all y e N. In view of C.LM.P. there exists x’ e N and X* e S 

-1 -1 

such that x' X^ =» X’Xg = y 0 N X^ #1 Xg A S. Now x^ = Xg 
implies that (x«X^)(x^ x^) = (x'^ (^2 x»x^ = X x^. 

Since (y)e^ = x»x^ and (y)e2 = we hasre [0^] = [82] » 
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-1 -1 

Take ard, \ in B. In view of C.L.M.P. there exists 

x' £ IT and X' e S with x' X^ = X'X2 = v e s. Then) (X^^x^+ 

= +vX“''x2)) ' By the choice 

•"1 -1 —1 
of V we have that vX^ e N (i = 1,2) aid so v X^ 

Consider <Ji ; Nv N given hy (xv ) ({> = x(v X“''x^ +vX2'‘x2). Then 

clearly ( X^ x^ + X^ 3^) i}) = [^3 . Moreover ( xT x. ) ?{) = [e^j 

where 6. ; N X N is given hy (y X.)6- =yxL(i=1,2). Since 

^ = x'X^ = X'X2 we have that v e NX^ N Hence for any p e S, 

(pv)(e^+ 82) = : . (p^>)e^ + (pv)©^ = (p x'X^)e^+ (pX’X2)82 = 

px’ x^+pX’3!2 = p(x’x^+ X’x^). But (pv)(;) = p(vX~ x^+vx” X2) = 

p(x*x;^ + X’x^)| thus (pv)^ = (pv)(e^+ O2) for pv e Hv O S <S. 

irx^f\ NXg ^ s. Hence M = [6^ + 62] = (X“^x^)4' +(X2^X2)'{’ , which 

“•1 ““1 —1 

proves that f is additive. To show that ( X^ x^ X2 x^)'l> =(X^ x:^)iJ'(X2 x^)!!! 

-1 

we first note that x^X2 belongs to C and so there exists s in S 

and h in H such that ^2 " ® ^2 ~ ^^1 ® Bx^)!?) 

•—“1 

= {(sX^) (hxg)}^}) = [6] where 8 ; N(s X^) H is given hy (ys X^)e 

= yhx2 for all y in H. (Dans to show that (X^ x^X2 X2)’^' = 

we must show that [8] = [6^] [82] " [^*023 6^ •02* Hp -»- H, 

p = cX^ Being in Hx^ n S such that (p) Qj belongs to HX2. Since H 
satisfies C.LJI.P. with respect to S, we have that there exist x’ in 
N, X' in S such that x‘ s X^ = X'p = ye H y n N (sXj_) A S, f 

Moreover (X' p) 8^ .82 = (>■’ (b) ^)®2 “ ®1^ ®2 “ (X’c 02=X’y 22, 
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since (ii)0^ = is in N Xg for some y in IT. Since x’sX^=X’v = t 
we have that x’s =X’c and so x* s x^ = X'c Xj. But by the choice of 
h we have sx^ = hXg or x* s x^= x’h X2= X* cx^. !Ihus (x'c x^)e2 
= (x'h X2)02 = x’h X2 s that is (x's X^)(6^,02) = (X'v)(e^»62) = x’hx^ 
= (x's X^)e . Since x's X^ is in S, we have that [0] = [ 0 ^ o } . 

Hence (X^ x^.Xg X^)^ ~(^-| which shows that 

s B is a near ring homomoriMsm, 


— i 

To see that ifi is one -one let us assume that (X^ 3^)4 = 

(^2 t = r®2^ where e^: H ^ K is given hy 

(y = y (i = 1 >2) . Now [6^] =[©2] implies that there exists 

V e N X^ n NX2 'X S such that (v)3^ = (’'^)®2* Since v. e nX^a NX^ 

we have that v = r^X^ ~ ^ 2 ^ ^l’^2 ^ ^1^1" 

■“*1 •“*! 

= (r2X2)S2 = ^2^ which implies that vX~ =vX2 3^. Since v eS 

-1 -1 

we have that X^ ^ “ ^2 


Lastly for any [t] e C with t ; NX ->• N define 6 s Nx N 
by (xX) 6 = x(x)t . Clearly [ 0 ] == [t] . Moreover X ( Xt) e B and 
(X '(Xt))4, = [ 0 ] = [t] . So that 4 is an epimorphiaa. Thus we have 
seen that 4 s B ->■ C is a near-ring isomorjiiism. 

Hence we have the following; 

2.5. Theorem ; Any two classical left near rings of left (luotients 
of N with respect to S are iscmorphic. 

In view of the above theorem we have that classical left near 
ring C of left quotients of N with respect to S is unique upto 
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isomorphism. Hence we caa speah: of the classical near ring of left 
quotients of H with respect to S. 

As in the previous section, it can he proved that if H is a 
d.g. near ring then C' is also a d.g, near ring. 

We state without proof the following; 

2,4 i Bieorem ; If S and T are two multiplicatively closed subsets 
of distributive non -zero divisors of IT such that S c I, then the 
classical near ring of left quotients of H with respect to S is 
contained in the olassioal near ring of left quotients of IT with 
respect to T. 

2.5* classical near rings of left and ri^t quoti- 

ents of IT with respect to S exist then the classical near ring of 
ri^t quotients is also a classical near ring of left quotients and 
vice versa. 

The following exanples show that the concepts of classical 
near rings of left quo ti eats and ri^t quotients are quite independent 
of each other. , That is to say that for a near ring classical near 
ring of left quotients may exist, however, classical near ring of 
ri^t quotients may not exist and vice versa. 

Example 1 ; Let E- be any ring for which a ring - the classical ring 
of left quotients with respect to S (a s^group of nonzero divisors 
of R) exists and which does not have a classical ring of righi quotients 



44 


Let - (R X , .) where + ard . on E x are defined 

as follows; 

+(r2,(i2) = ^^+< 12 ) 

Slid ( 3:^-5 for all r^jr^e E and q_^, 

02- ^o- 

It can "be easily checked that H is a left near-ring and an 
element (r,q) of E is distributive nonzero divisor iff .q,=0 and r is 
a nonzero divisor in E. 

Consider S = {(X,0)| X e S} , then S is a r semi group of 
distributive nonzero divisors of E. 

We claim that II has a cl^sical near ring of left quotients 
with respect to S . For this take (r^,q.^) e E,(X,0) e S. Since R 
satisfies C.L,M.P= with respect to S, given e E and X e S there 
exists x’ e R and X' e S such that x'X = X'r^. It is easy to see 
that (x', q^ X '^) (X,0) = (X’ ,0)(r^,q^), which shows that E has G.LJd.P. 
with respect to S and hence has a classical near ring of left quotients. 

We claim that if E has a classical near ring of ri^t quotients 
then E will have a classical ring of ri^t ^quotients. lo see this,- 
suppose E has a classical near ring of ri^t quotients with respect to 
S' - a semigroup of distributive nonzero divisors of E, Clearly elments 
of "s’ have the form (x, O) where xi® ^ nonzero divisor in E, 

We claim that E has a classical ring of ri^t quotiaats with 
respect to S' = {x| (X,o) e S' > . For this take r e E and 1 e S'^then 
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—1 — 

(r, X ) e N aad (X,0) e S'. Since, by assumption, H has a classical 

ii 0 air icing of ni^ii (j^uctLonts with, nospoci to S* ^ we liavo tiie oxistoncB 

of 0 U and (X » D) e S' such that (r, X '*)(X',o)= (^,0)(t^,q.^) 

•*1 

that is (r X' , X X') = ( Xt^jil^). Hence rX* =Xt^ which shows that 
E has C.El/I.P. with nespect to S' and hoace a classical inng of li^it 
quotients, which conti:adicts oun assumption. 

Hence H does not haj/’e a classical near ring of ri^t quotients. 

Ex^£le 2 ; Let R be a ring which has a classical ring of ri^t 
quotients with respect to T- a semi group of nonzero- divisors of R, 
but does not have a classical ring of left quotients. 

Let N = (R ^ R, +, .) where + and . are defined as follows: 

(r^tr^) + = (r^+t^ jXg+tg) 

and . (t^,t 2 ) = ^ 

Then F is a left near ring, in element (r^jr^) e F is a non -zero 
divisor and distributive iff = 0 and r^ is a non zero -divisor in R. 

Set S= {(1,0) I X e T} . Thoa S. is a semigroup of distributive 
nonzero divisors of F, 

is in Example 1 it can be shown that F satisfies C.RJi.P. 
with respect to S. We now prove that H satisfies condition (ii) of 
TheoremIII.1.5.Por this let (X^, O) and (XgjO) e S. (Sim there exist 
elements (r^jrg) ^ F, (X^jO) s S aioh that {^|,0)Cr^,i^)= 
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that is (X^r^, 12) = (X2Xj,0) . So that T2=^j which shows that 

^.istxihutive in H, Hsnce K has a olassical nsac 
ring, of right quotients with respect to "s. 

As in Example 1 w© can show that if N has a classical near 
ring of left quotients then R has a classical ring of left quotients. 

§ 3 . Mqdule^of Quotients 

Let H he a left d.g. near ring generated hy the semi group 
of all the distrihutive elements of R. 

Suppose that N satisfies the conditions s 

(i) G.RJ[.P. with respect to S and 

(ii) ' For every v in S and every r in F, v ^ distri- 

hutive in F implies that r is distributive in F. 

For any ri^t F-inodule M consider M* =:U{f; XF ^ M where Xe S 
and f(xu.) = f(x)p for all xe XF and all distritutive v e F} . 

If f^ e M* (i=1,2) has the domain X^F, define f^ 'v f2 iff 
there exists X e X,^Ff>X2F S such that f^(^) = f2(^) * Clsarly 
is an equivalence relation, and let M denote the set of equivalence 
classes of M* with respect to the above defined relation. 

In M addition i s defined as follows 1 

Let [f^] (i=1,2) he in M where X^F is the domain of f^. 
By C.R,M.P. there exist elements x’ e F and X* e S such idiat 
v= X^X« = X2xVe S n X^F rv X2F. 
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Define ^ i vlT-icM ty ^(m)<|rvn)+f2(vn) . As before it can be 
seen that we may write ^'•^+^2 4’ without any ambiguity. ¥e define 

easy to check that the addition is 
well defined and that (M, +) is a group. 

5.1. imposition: M is a right Q^'^Ilodule. 

Proof ; Let £f ] e M and [8] e Q’ aid consider the mapping M xQ'-»- M 

given by ( [f], [0] ) ->■ [ff ,9] where f has the domain X< H and 0 has 

1 

the domain ^ f'tX^IT M is given by f'(x^n) = f(x^)n. Also 
f’ . 9 2 pW ■> M where p e fD S such that 0(p) e X^N. It is a routine 
matter to check that the above mapping is well defined . 

To show that M is a right Q’- module we give the proof of 
the fact that (m.j+ m2)q. = + 1112'^ ®1» ®2^^ 

distributive q e Q', the other conditions in the definiticm of a 
module can be easily verified. 

We first show -that if q = [6] is a distributive elonent in 

0,* then there erists pe (domain of 9) n S such that 8(p) is distri- 

—1 *^1 
butive in K and q = 6 (p) P • Let 6 i XH N then 8{x) X >= 

“ f’^eCX) ° ® giTCnby g(xn) = n. 

Since g(^) = ©W have [8] = q = <>£]=■ e(x) x 

For any distributive q e Q* ^ ^ have 

( [1-^3 ) [9] = [93 + [,p^^3C03 ^ere q= [9] . Hence 

[if) ^ 0] - [if) ^0+ ^ t. 03 » which implies that there exists 
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y £ (domain of 6 ) A S such, that o e(y) = ( ° 9 + -^ ° 6)(y), 

1 2 *1 ^2 

which gives that (n^+n 2 ) 9(y) = ii.,6(y) + n^eCy), that is e( y) is 
distributive in N. l^ow q = [e] == q ( x ) x""' = e(A) sy”^= e(Xs)y**‘’ 

= 6(y) U where y = Xs e S for some distributive s in lil since 
U e XN A S, XK being the domain of 6 . 

Now let m.^= [f^] , = [f^] be in M and <i = [6] be a 

distributive element of . Suppose that X^N (i= 1,2) is 'the domain 
of f^ and XK is the domain of 6 , Given e3!ists x' e N 

and X’ e S such that v = x^x’ = X2X’, so that f^+ f^ : vN M and 
(^1+ ^2^' where be X N A S such that 9(b) e VN say 

9(b) = vx. Tlien (m^+ m^)q = ( [f^] + [f^] ) [e] = [(f^+ f^)' » 6] 

and m.^q + m2q. = {f^] {0] + If2] [6] = [f ’ 0 9 + fg' ° 9] , 

Let a^bN AyNAS where y eXH AS is such that 0(y) 
is distributive in N, then a = bn.^ = yn^ e S and by hypothesis n^^n^ 
are distributive. Now 6(a) = 8(y)n2 = 0 (b)n.^ = vxn^. Since 8(y) 
and n2 both are distributive in N, 9(a) is distributive and hence 
xn^ = ^ 0(a) is a distributive element of N. 

Now (f^+fg)' o 0(a) = (f]| »’ 9 + f2 ® 6) (a), so liiat (m.j+^)q 
= m.^q. + m^q . Hence M is a ri^t Q’ -module. 

Now let, for any m e M N M be given by 4^(n) = mn. 

Then e M and M ->■ M , given by Wjj(m) = , maps M 

into M and is an N -homomorphism . Moreover ksc Trjj= {m e m{[^^ = O) 
= {m e M I mX = 0 for some XeS}. So iff no elejMit of M 
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is annihilated hy an element of S. 

Now let and he two ri^t N-modules gr>i^ (Ji j ->• 
he a N-homomorihism. Consider i : giv^ hy $( [f] ) = [(i)of] 

for all £f] e , It can he checked that i s a Q* — homomorphiaoi. 
Clearly 4 i o = tTj^o (f, and $ is uniquely determined hy 4> . More- 

over the association of M with 1 and the association of i with <{. 
is a covariant functor F from the category of right N-modules and. 
their homomorphi sms into the category of ^nodules their homo— 
morphi sms . 

It is easy to see that F is left exact. Thus we have proved 

5.2, ^o£o_^sitiqn t If <{) s ->■ is an N -homomorphism, then ij) 

induces a unique Q’ -module homomorihism <i) s M. such that 

<!) ^ / 

4’ “ % ‘n'jj » «!> * finally if 0 ■> Mp ^ is an exact 

sequence of N -modules then 0 M. M- M_ is an exact 

‘ ^ 5 

sequence of Q* -modules. 

3.3 • fefinitipn i in N-module M is called S-free iff ms = 0, m e M, 
s e S implies m = 0. 

If T = {m e M I there exists X e S such that mX = 0} , then T is 
a N- submodule of M and M/T is a S-free N-module. 

3 . 4 * any N -module M, M is a S— free N-module. 

Prqqf ; Since M is a Q’ -module, it is a N-module. Take m = [f] 
in M and suppose that [f] X - 0 for seme X e S. So we hasre 
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[f 0 which implies 


that f» o T|^(p) = 0 for some 


ye(domfo,i,^) ^ S. Hence f * (Xv)= o wM.h • 

V u; u Which implies that [f*] 

= [f J = 1=0. 

5.5. Proposition s Let v : M m/t 

- _ / e the natural N-epi morphism. 

Then V = M + ( | ) is one-one. 

Proof . Let If] e 5 s^^h that = ( If] ) . [v . f] . q. Ihen 

f{:^)- 0 for some A e (dom v ° f) n S which li^lles that v(f(X) ) 

- f(A) + T . 0, whioh sgedn implies that f(A)„ . f( ). j, 

W e s. Hence [f ] = o. 

3.6. : let M he a S-free N-module and vN be a regular H-sub- 

group. then for any map f= UB e i , 

for all r e u B and all n e H, there adsts a map hjB * m such that 
If) -Ih] and h also satisfies h(nn') . h(n) n' for all n,n' e N. 

Proof . let E . (x s „B| f(x) e } . Since f(u) e S, 

f(«) - le] *ere e : IH * M for some A a s. For all n e B, 
f(>.An) . f(u) An . [e] I*,J = [6. . . I*,,(^j].w„Ce-(An)) ew„CM) 

Hence uA n e E for all n e B, so that uA Bs E. So that for all 
r e PA B, f(x) a rj,(M) and therefore f(x) . w^(mj . ] for some 

m^e M. Define g= pA H + M hy g(x) - m^ for all x e ^pA B. 

How r,- e pA N >f(x,) = f(x2)i.e.[t^ ] . [* ],or * £s) 


- \ (=) ^3 s c s, henoe s = m s, or (m^ h.^ )s . 0,a!, 

^ 1 ^ n ^ 

“x.j“ “x^ since M is s-free. Hence g is well defined. 




* X 
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We now show that g(^,) ^ , 

n' e H. how g(xn') =h and r 'I ^ ^ all 

. V AlsofU,). [, J 

= » *,,, so Jr 

s' e S such that ijj (s>) - / v 

^xni i^hich implies m s» - 

7ii / \ ^ xn' 

\(”'^’)-V’='- V. =».n'. 

Define h: h -> m v,/'^\ 

( ) - [g] X then h is well defined 

and h(nn') = h(n)n' for all n, n' e h We nnw v, 

, u t ^t. We now show that [h] = m 

For any X e p xF we have h(x) = rffl x - o 

f^] X- fg ^ 

'7 7^ ; 7'“ ^ (y) - an. 

s • *Jy) - sM . e(x)y = and 80 fy . [f] . ^ 

3*7 • Jto position : If M i^! q n , * — "" 

, XI M IS s-free nodnle then t, , M * i is an 

isomorphism, 

I^Qof I Since M is S-free, ker = q. 

= M * 

Tahe any [i] s 1 , then f.- xh . I . hefine f- = xh . i hy 

f’(in) = f(x)n; then by the lenma 3.6 , there etrists ht H * 5 snoh 

that [hj= [f'J . We claim that [f J = [f.] ^ (h(i)). 

M 

Ko. t_ (h(l)) = ,here , H * m . [f.] . [y 

implies that there exists Xn c XBnSwith n distrlbutlTe in H 

euch that h(Xn) . f.(xn) = f(X)n . f(x„), that is «.j,(,7(Xn) = 

h(l) In . h(xn) = f( Xn) so that . ff] ,hloh implies that 

is epimorphian. Hence the result, " 

M = 


i j l.f. T. K / ^PUR 

|gewtral library 

Act N„. A JgSiJ 

' ■ — J 
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5 -8 . Hieqrem ; Let M be a module over Q' . Then M is clearly a 
module over N. M is an injective Q' - module iff M is an injective 
IT -module. 

” Since the proof is same as the proof of Theorem 2.1 [ 9 I 

we will only outline the proof here. Suppose M is an injective Q* - 
module. Let f ; be a N-homomorjiiism where I is a ri^t 

ideal of N. Uow IQ,» = {as | a g I, s e S} is a right ideal of ft'. 
Define f s IQ' -»■ M by f'(as ) = f(a)s ^ then f' is a ft' -homomor- 
phism. M being an injective ft' -module there exists m e M such that 
f'(x) = mx for all x e Ift' . But f'(x) = f(x) for all x e I. Hiere- 
fore f(x) = mx for all x e I. 

Conversely suppose is injective. Let f: I -v M, be 

ft' homomorphism, where lisa right ideal of ft' . Then J = I A His 
a right ideal of N and Jft'= {xs /xeJj seS}=I. 

Let f denote the restriction of f to J. Ihen f is clearly 
a N -homomorphism of J into M. As 1 is an injective H -module, there 
exists m £ M such that f'(x) = mx for all xe J. Any element of I is 
of the form xs^,xeJ, seS, f(x s ) = f'(x)s = m(xs ). Hence 
M is an injective ft' - module. 

5.9. Theorem ; Let M be a S-free module over H, Bien M is ai 
injective ft' module (or injective H-module) iff every H-homomorjhian 
f ; I -*■ M, I-a ri^t ideal of N, can be extended to an H-homcaK)r 0 iism 
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g; J M, where J is a ri^t ideal of H ccsiuaining I and containing 
an element of S, 

^qof t Let Mjjj satisfy the condition. To show M is injective, 
consider f s I M a N-homomorphi an where I is a ri^t icteal of N, 

Let I’ - {x e ij f(x) eM) , then I' is an N-sahgronp. 

n 

Let u he the ideal of U generated hy I', then u = { 7 -n.+x.+n. i n.el,x.e I'> 

n n 

Define f ' : u M hy f'( I -n.+3c+n. )= Y f(x.) . It is easy 

i=1 i=1 ^ 

to see that f » is a well defined N -homomorphism. Heme hy hypoiiiesis 
there exists gs J M where J is aright ideal of N containing u 
and containing an elaaent of S and g(x) = f'(x) for all x e u. 

*"1 

Consider JQ,' = {xs [x e J, s e S ) then JQ' is a right ideal 
of Q'. Define g' s JQ» ->■ M hy g'(xs”’”') = g(x)s \ then g' is a 
0,’ -homomorphism. Since J contains an element of S say X , we have 
Xx''=1 e JQ,’. Hence JQ' = Q' . Let g’(l) = m e M . We claim -that 
for each r e I there exists s e S such that rs e I' . To this eM tain 
r £ I, then f(r) e M , say f(r) = [0] where 9 has the domain pH. 

How f(r)p =f(ru) = [e] = [e'f = C’f'ecp)^ = ^ 

so that ry e I’ and hence for all r e I, f(r)y = f(ry) = f '{ry ) = 
g(ry) =■ g'(ry) = g'(l) ry= m(ry) = ( mr )y which gives -feat 
f(r) = mr for all r e I. 

Conversely, suppose that M is en injective H-module 
(injective Q’ -module) . Consider an H -homomorphism f: I ^ M where 
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I is a right ideal of N. Since M is injective, there erists m e M . 
such that f(x) = mx for all X e I, that is iTj^(f(x)) = =ix. 

Since M is S-free, M & M and since f(x) e M we have [t J = f(x) 

= mx e M for all X e I. Now me 1 => m = [6] with 6 ; AH + M 

•mm ••'I 

ard so m = e(A)A . Hence f(x) = e(X) a"''x for all xe i. 

Let J = AH + I then J is a right H-suhgroip. Define gsJ ^ M 
by g(Ar + x) = e(A)A (Xr + x) = e(x)r + e(x) x"‘‘x for all r s H and all 
X e I. Clearly g is well defined and g|^ = f. 

We now show that g is an H-homomorihism, We have 

g { (xr^tx^^)+(x^ 2 ’^^) ^ “ S ^ ^ ^ 

= g-C^ + (-X r^+x^+A x^ } 

= 6(^)1 \A(r^+r2))+6(A) A A r2+XLj+Ar2+X2) 

= 0(A)(r^+r2)+ 6(A)r2+e(A) x’^x^ 

= (6(A)r^+ 0 (a)A ^x^) + (e(A)r 2 +e(A) a”''x 2 ) 

= g(Ar^+x^) + g(Ar 2 + 32 ). 

It is easy to see that g {(Ar+x)s}= g(Ar+x)s where s is any 
element of H such that either s or -s is distributive. Since H is a 
d.g. near ring we have that g is an H-homomor^an. 

n 

Define g* s B = { I -n.+x.+n. j n e H, x, e J } M 

. M 1 i 1 1 1 

1 = 1 

n n 

By g'( “n.+:3c,+r«) •= I g(x.). It can be easily chected that g» 

i=r i=1 "" 
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is an N-homomori^ism and gt 




How B is a wi^t idea of N such that I c J = B. Since J 
contains an element of S, B contains an element of s and g.| . f. 

Hence the result. I 

3.10. Corollary: Q. 1= injective iff for erery B^iomomorttosm 

f.l N, I a right idea of B, there exists an lI*omomorphism g-.J * B, 
Where J is a right ideal of B containing I and containing an el«:ent ’ 
of S and g is such that g(x) . f(r) for all x s I. 
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COWLETE NEAR RINff OF QUOTIENTS 

This chapter is devoted to iiie study of complete near rings 
of left and right q.uotients. It is proved that if Q denotes the 
complete near ring of right quotients of U, then Q is a regular near 
ring whenever 

there exist weakly large H- 
suhgroups K. such lhat x.E.=0, x., 

: r. e N, s.e generating set of H} = o 

t) tJ 

Moreover it is shewn that if every weakly large ri^t 1- 
suh group of Njj contains a distributive nonzero divisor then Q is a 
classical near ring of ri^t quotients of N. 

f 1 . Complete Near , Ring pf jLy^t C^otients 


n 

J(K,) = { y ~r.+ x.s. + r. ' 

^ >^333 3 ; 


Let R be a left d.g. hear ring with identity and Rj|*d)e the 
injective hull of Hjjj. 

Let H =? {f s I -»■ I I (is)f = (i)fs for all distributive s in N}., then 
H is a left near ring. Define H x I -)■ I by (h, i) — ^h.i wheire 
h,i = (i) h , so that HI ^ I. 

Let Q = {e s I I j (h.i)6= h.(i)e = ((i)e)h for all H-homomorjMaB 
h in H> f then Q is a left near ring. 

1.1, Lemma ; (j) j N Q given by (^(n) = is a monomoriMaa , wheije 
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^33,! I ^ I is such that = in. 

Proof ; For any right ET -homomorphism h in H we ha^e (h.i)d) = 
((i» 4 >n = (i)hn = (in)h = h.((i)<^^) and hence helongs to Q. 


How (i) 


^n^-i-n2 ” 

^ '*'n2 * ^ additive . 


impli es 


Also (i) “ iCn^n^) = (in^)n2 - (in^)(^^ )^n ° 

I ^ 2 1 2 

implies (t>(n^n2) = (j)(n^) (l)(n2) . 


1 ^2 


To see that .J) is one -one, suppose 4 )(n) = <|)^= 0 , this ia^jlies 
that (l)(!)^= 0 =i,n = n. 

Hence we can say that His contained in Q. 

1 . 2 . I^.nim§ s For any i in I there exists a ri^t H -homomorphism h 
in H such that i = (l)h, 

Prpof : For any i in I consider 4 '^ s ®H ^ given by (n)^^= in, 
then is a N-homomorphism» By ihjectivi-ty of I, 41 j: may be extended 
to some H -homomorphism h; Thus we have a h in H such that 

(l)h = = i. 

1 . 5 . lemma ; (j) s given by (})(q) = (l)q., is a monomorphiaa. 

Proof s Now 4 >(q^+q. 2 ) = ( 1 ) ^(^ 2 ^ 

and (|>(qn) = (l)(<in) = (l)qn = <(»(q)n implies that 4 > is a ri^t N- 


homomo rphi sm . 
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How suppose *(4) . 0 , this implies (l)q . 0. For any 1 in I, 

(1)5 .((l)h)q = (li.l) 4 -h.((l)q. {(l)i)h.O where h i s a ri^t 
S -homomorphism in H. So that qeO. Henoe * is a monomorjMsm. 

We shall denote the image of Q in I by 

“I 4 » * 1 * 0 . = ii £ I I for any pair of homomorphisms h.,h 

in H, (ii)h^= (n)h2 for all n e W ^ 

implies (i)h^=(i)h2} 

.590?? h^,h2 he homomorihisms in H such that (n)h^ = (n)h2 for 

all n in N. For any (l)q in 1 .Q we ha^e ((l)<i)h^ = ((l)h^)<i = ((l)h2)q. 

= (('')q.)h2 which implies (l)q belongs to the given li-subgroup of 

Conversely let i belong to I such that for all homomorihisma h ,h 

2 

in H and all n in N , (n)h^ = (n)h2 implies (i)h^ = (i)b2* 

Consider 9 s I ->-1 such that ((l)h)^ = (i)h where h is a N -homomor- 
phism in H. Now i^ = i2 implies (l)h^ = (l)h2 so that (n)h^ = (n)h2 
for all n in N. So -that (i)h-| = (i)h2. Hence ^ is well defined. 

Also (h.i')<}> = ((i')b)<!> = ( ((l)h' )h)(|) = ((l)h»h) 4 ) = (i)h«h 
= ((i)h')h = ((l)h'(!))h = ((i') 9 )h = h.(i')<i> . 

(i' = (l)b’, h' is a homomorphism in H) 

So that 9 belongs to Q,. Taking (fi = q -we have that there exists q in Q 
such that ((l)h)q = (i)h. Take h = identity map thm i = (l)q and 
this implies that the given N-subgroup of is contained in 1 . ft. Hence 
the result. 

1 . 5 . Definition : A ri^t N-subgroip of is called strictly-dense 
iff for any pair of homomorphisms h^,h 2 in H, (d)h^ =(d)h2 for all d 
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in D implies (n) = (n)h2 for all n in i. 

1.6,. Trivially is strictly -dense. 

1.7. Lemma . If a ri^t l-suLgroup of is strictly^mse, 
then for any q in Q, q“^D = {n e H | q.n e D} is also strictly-4ense. 

Proof ; Let he homomorphisms in H such that (n)h = (n)h for 

all n in q. Do Define c^' s B = D + qB I By (d+qr)^ = (rX-h^-hh^) 

fon all d xn D end all n m D • Bow d^4* qn^ — implies 

^ ^ D «, So that e q Hence 

(r2)h^+(r^ ) ("h.^) « (r2)h2+ (r.|)(-h2)y so that (n.|) (-tL^+hg) = (r2)(“h.j+h2) 

Hence ^ is v/ell defined, 

_ n 

Let B w { (d.+qr. )s_. | (d.+qrO^ B, s. or -s. Belongs to 

1 1 X X 1 1 1 

the generating set of N} 

Then B is a right N module contained in Q, and hence in I. Define 

$ ; B -> I hy ( f (d^+ qr^)s^)^ = I (^+• ‘11;^)'^ We note 

i=1 i=1 

that 5 is additi-ve and coincides with 4 on B, V7e now prove that 

_ 

vanishes on the zero element of B . To this end, let ^ (d.+qr. )s.= 0, 

* * wL 

1=1 

this implies that 

(d,+qr^)s^ + (d2+qr2)s2+... + (d^.,+<lVl^ Vl+ = ° 

or (d^+qr^)s,+ {dj+qr2)s2+. .. + Vl " 

Case I ! If ~ s^ is distrihutive then we have 
(d^+qr^)s^+ (d2+qr2)s2 + . .. + (d^^^+qr^_^)s^_^ = 



Hence (L.H.S„)^. = {d^(-s^) + 

or (L.H.S.)^ = '*''^n^"®n^ H 

or (d^+qr )(!is + (d +qr )<j)s„ ^ . 

n-1 

or (rj)(-h^+h2)s. = (r^)('*,+h2)(-sj . . )s 


^2^ n 


n 


i~1 ^ which implies that 

^ 31 

I (hj_+ qij5_)(!->s^ = 0 = ( J (d.+qr. )s. )| . 
i=1 i=1 ^ 


Case II. If is distributive then we have 

-(d^.1+qr^_^)Sj^^^ - ... - (d2+qr2)s2 - (d^+qr^),s^ = (d^+ 

= Vn + n"n" ^ 

Hence {(L.H.S.)}<^= 
or (L.H.S.)^ = (d^ 4- qr^)(f) s^ 

= (d^+qrjd s^ 

Vl - ••• - (hi+qr^)<l> ®n 

or (d.|+qr.j) <J) s^4(d2+qr2)^ s^+ . . . + ®n~r ®n 

n n 

which gives that I (dj^+qrjj^)(^ s^ = 0 = ( I (d^+qr.)s^)| , 

'i»1 ' : .-i=1 ■' 
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Hence <J> is well defined. It is easy to see that <?) is an H-homoiaor- 
phism. By injectivity of can he exbended to an H-homomorphisiii 

h' s Ijj ^'1- ^ » 

B 

So -that (d)h' = (d)<) for all d in D, Hence (d)h' = (0)(-h^+h2) = 0 
which implies that (l)h' = 0, since D is strictly dense. How (l)(-h^+h2) 
(q)(> = (q)h’ = ((l)q)h’ = (l)h’q = 0 implies (l) h^= (l)h2. Hence 
(n)h^ = (n)h2 for all n in I. So that q“'^ D is strictly dense. 

1 .8. Definition •. A ri^t H-sahgroap Dj^ .q is dense iff for all 
0 / r^ e H and all r^ e H, there exists r eH such that r^r / 0 and 
^ 2 ^ e D. 

1.9. .geo posit ion j A ri^t N-suhgrcup D^^^ Hjj is strictly dense 
implies Dj^ is dense. 

Proof t Let D ho strictly dense. Let r^ ^ 0, r2 e H th®i r^"^ is 

strictly dense. Consider : N -»• H such that (r)<> = r^r . Extend d 

*^1 —T 

to a homomorphism hs Ijjj -> 1^, then r.j(r2 D) = 0 inplies (r2 D)h=0. 

Hence (l)h = 0, so that (1) <!> = r^= 0, a contradiction. Hence 
r^(r2 D) ^ 0 which implies there exists r in r2 D aich that r^r f 0 
and r2r is in D. Hence D is dense. 

1.10. p^ef inition *■ A left near ring S 2H is a left near ring of 
right quotients of N iff for all 0 ^ s.^ in S, and all Sg in Sr — 
s^(s 2^H) <f 0 and s^''n is strictly dense. 

Rem^ark s Let S he a left near ring of right quotients of H and T he 
a left near ring such that N ^S, then S is a near ring of ri^t 
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quotients of T. 

1.11. i^opo sitiqn : Q is a left near ring of rii^t quotients of K 
and it contains any left near ring of ri^t quotients of U, 

Proof : Consider q^ ^ 0, q^ in Q. Since N is strictly dense, q“**H 
is strictly dense. ITow 0 ^ q^ j I ->■ I implies there exists i in I 
such that (i) q^ ^ 0, that is ((l)h)q^ ^ 0 for some U -homomorphism 
h in H. Hence ((l)q^)h / 0 which implies (l)q^ ^ 0, that is (l)h» 0 

where (l)q^ = (l)h* for some H-homomorphism h» in H. 

—i 

Since N is strictly dense, (l)h'(q 2 N) 0 which 

implies there exists r in qg N such that (l)h»r = (l)q^x ^ 0. Hence 
(l)(<l-|*3^) ^ 0 implies q^.r ^ 0, that is q^ .(q^V) 0. 

Now let S he any left near ring of right quotients of H. Let o H 
he a submodule of Sj^, then there exists 0 ^ u in such that 

u(u N) =■ uN O N ^ 0. This impales Ujj D 0 , that is is a weakly 
essential extension of and hence Sj^'^ I^. 

We now claim that S S 1-Q- h|,h 2 he two homomoip)hisms 

in H such that (r)h^ - (r)!!^ for all r in N. For any s in S, we have 
(s)h^r » (s)h 2 r for all r in s”%, that is (l)h] r = (l)h»r where 
(s)h. » (l)h; (i»1,2). Hence (r)h' = (r)hl for all r in s“V (strictly 

1 X ■ ^ .1 

dimse)m So that (l)h^ » that is (s)h^ » (s)h 2 . Hence S 

We now show that S is .contained in Q as a ne^ ring, this 
define <{) : S Q hy where <isl ^ I snch that ((l)h)q. *= (s)h. 
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Now (l)h.^ = 

(r)h2 for all r in N, 
is well defined. 


some B^omomorphisiK h^.h^ In H implies (i)h^. 
00 that (s)h^ . (s)h^ ’ 


Sow s,. s, ^ in s, sni let «(s,) . ^(3^) . ^ 

■ i 0 I, (i)4, - ((l)h)q^ = (s^h . (33)1^ . ((,)h)^ . (i)^i.j,ji33 
is well defined. 


all i e 


It is easy to see that « is additiTe. To pncore that p is a 
near ring homomorphiam, we first note that t!>(sr) = ^i(s)r for all s 
in S and all r In N. Now let a^,B^ be any two elanents of S and 
suppose (^(s^Sgr) - q for any r in S2 ’'n. Moreover, let <^(3 ) = q , 

'i>(s2r) • ^2 . Then 

((l)h)q o (s^S2r)h =(e<|)h Sgr » (t'lh'Sgr (where (s^)h = (i)h' e l) 

- (82r)h» ^ ((l)h-)q2 » ((s^)h)q2 = (((l)h)q^)q2 = ((l)h)q^q2' 

So .^(sgr) that is^s^Sg)^, r ==Ks^>(s2) fox all r e Sg'^. 

Therefore (l)h^r = (l)h2r for all re Sg^N where <>(s^Sg) = (l)h^e 
and ^(s^) (^(sg) » (OhgS Q ci. 

Hence (l)h^ » (l)hg and so ^.(s^Sg) « <^(3^) 4>(sg) . 

Now let (^(s^) w <J>(sg), then q^ = qg where ((l)h)q^ = (s^)h 
and ((l)h)g2 « (ag)h. Then ((l)j,)q^ =» ((l)i)q2» so that (sj)j_= (sg)^^^ 
hence - Sg where J_ denotes the identity ms®) from I to I. Hence d 
is a monomorphism. 
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We would like to know what happens it' we go throng the same 

procedure agai-n, sta2?ting with Q- in place of N, ? 

^ IT 

If we define I x 0, + 1 by (i,,) * i., . I 

a ri^t Qi module and we have the following s 

1.12. j^i?po§i^S3i * Iq is the injective hull of the canonical 

image of Qq , and HomQ(l, l) = Homjj(l,l). 

Proof J Considsc ^ ^ \ \ where (j) and f are 

I 

-W 

f 

Q,-homomor]^sms and 0 exact. Since is injective, there 

exists a N -homomorphism ->■ which makes the above diagram 

commute. Iq will he injective if we show -that i|) is a Q-homomorphism. 

Let q e Q arbitrary and b in B he arbitrary. How r e q V 
implies qr e N. Then i{'(bqr) ® ’f'(b)qr, also i{)(bqr) = Tf)(bq)r. Thus 
for all r in q N, ■i{)(b)qr = '()(bq)r. That is i^r = i^r ihere 

» ’f'('b)q, ig - 'i'(bq) e I, so that (l)h^r = (l)h 2 r, that is (r)h^ = 
(r)h 2 for all r in q N, Hence (l)h^ = ('l)b 2 > "fedat isi^ = ig, so 
that ’J’(b)q_ w tl'(bq). Hence i|) is a Q-homomorihisn, as required. 

Since Ij^ is wealcly essential extension of it is also a 
weakly essential extension of (l*Q)jj • Therefore is weakly 
essential extension of (1 .Q)q« Being Injective it is the injective 
hull of 
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Obviously, Hom^Cl,!) ^ low let ij; : i + i a 

W -homomorphism and let q in Q, i e I he arbitrary, ilhen (iqr)ij» 

i 

for all r in q_ N implies that i^r = ^ 2 ^^ that is 
(l)h^r = (l)h 2 r for all r in q N (strictly dense)- wher^ i^ » 

= (l)h^ and ig = (i) = (i)h 2 . Hence (l)h^ = (l^h^, which shows 

that li^ is a Q-homomorEhism. Hence the result. 

Coroiifa:** ‘3, is its own near ring of right quotients. 

f sIq •+■ Iq I (iq)f = {i)fq for all distributive q in Q 
and all i in I } 

and Q *» {0 ! I ■+ I | (h’ .i)6 » h’ .(i)0 =■ (i) 6h* for all Q homomorihism 

h' in H’} 

We claim that Q is a left near ring of ri^t quotients of I. 

For this take 0 / q^ in Q,- and any elaient in Q .As in Lemma 

-1 

it can bo shorn that q 2 N is strictly dense. 

We now Want to daow that q^jCqg H) f 0. Now q^ / 0 implies 
that there exists i in I such that (i)q^ 0, that is ((l)h)q^. 0, 

for sono h. In Hon Henoe ((l)q^)h ^ 0, which implies (l)q^ / 0. 

Hence if (l)q^ ■ (l)h* for some h’ e Hom|^(l,l) we have (l)h' 0. 

Since q^'^N is strictly dense, (l)h'(q 2 '*N) / 0 which implies 
that there exists r in qg such that (l)h'r = (l)q^r;^ 0. Hence 
q^.r / 0 which implies q.jCqg”' Hence Q is a near ring of 

right quotients of N, 

Since N ■*^He Bemark giv^ after IV. 1.10 

is a near ring of ri#it quotients of ft. 
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We now show that ^ - Q. For this let te any element of 
o and h he a N^iomomorphism in H, then since » Hom^(l,l), 

h belongs to H'. Hence (h.i)<i' = h(i)q* = ((i)q’)h, wMch 

implies q' is in Q. Hence Q = Q . 

We call Q the ccmplete near ring of right quotients of H. 

§ 2 . Regul ar near ring of ri^ t quotients. 

2.1* Ilroposiiion ! Qjj canonicslly implies that there exists an 

anti near ring homomorphism from H to (i. 

I^oof * Consider H I Q given hy (h)'l> * (l)h * (l)q and 
((l)q)© >■ q., then <|> , 6 is well defined and additive. Now (h^h^) o 6 
» ((l)h^h2)e •» ((l)q)S « q where (l)h^h2 (l)q, and{ (h^ 6H(h^)<|>*0} 

- ((I)h2)0 (Cl)h^)e « ((l)q2)6 ((l)qp 9 » where (l)h2» (l)q2, 

(l)h^ » (l)q^« 'We claim that q *• q2qi* i in I (i)q » ((t)h)q 

- ((l)q)h » ((l)h^h2)h, and (i)q2q^ « ((l)h)q2q^ = (((l)q2)h)q^ « 

(l)h2hq^ » ({l)qi)h2)h»((vl>h^)^^((l)h^h2)h. Hence ® 6 is m mti 
near ring homomor;^sm. 

2.2 . De fini tion t An N-suhgroup Ujj Sjf is called I-H ideal if 
is normal in Ijj. 

Remark * I-N ideals are preoisely those ideals of N, idiich are normal 
ini. 

2.5. Definition i A ri^t N-suhgroup K of IL is weakly large if 
it has non zero intersection with every nonzero I -N ideal. 
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2.4. Leisma *. Let be an N-subgroup of G be an I-H ideal 
maodmal with respect to B A C = 0, then C+B is weakly large IT 

subgreup. 

Proof : Let D be an ideal such that (C + B) n> 2 = 0. Now 
X e (C + D) n B implies x = c+d e B, that is d = -o + x e (G+B)nD= 0. 
So that d « 0, hence c = xe BnCs=0, that is x = 0. Hence 
(C+B) B » 0, So that C + D <^C by the maximality of C (since C+D 
is an I-N ideal) . Hence D « C s C + B, implies B (G + B) B = o, 
so that B « 0. Hence C+B is weakly large. 


2.5. 


n 

Befine J(ljj) - { I 


1 .) 


there exist weakly large 
N -subgroups K. ^(K. )h.=0^ 
Sj e generating set of N^ 
i. s I, h. e H > 


n 


and J(Njj) ( I 


there exist weakly large N -subgroups 
K. ^ X. K.= 0, s. e generating set 

J J t) J 

of N, r. e N, X. e N, } 

’ 3 ’3 


Since x . e N <=I, we have x. =(l)h. for some homomorphism h. in H, iJc 
3 j J j 

^ J(%) ri 1^. Now suppose r in N belongs to J(ljf), thoi 
r»“0+(l)h + 0 e Nfl J(ljj) implies there exists a weakly large N- 
subgroup K such that (K)h «# 0. Hence (l)h K ■= rK = 0, implies r e J(N|^j)i 
so that 


2.6. J(Njj) - JCIjj) A%. 

Since J(l^) is a submodule of %a»d i» weakly essential extension 
of we have that J(®^) * 0 iff !(%) ® 0. 
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As in the King theory we sav +>io+ 

y « say that a near xli« „ 

If for every element a there exlets an elanent a' in N n *v 

'“cut; a in W such that 

a a' a * a. ([4], [14])^ 


We wish to show that if j(n^) ^ q 
this we prove the following : 


Q is regular. For 


where h' 


2-7- SSKSitiSn = J(V =0 inpllea I.i.ft 

% 

Pre^ = I,et 1 e I he arhltrary and h^.h^ he ri^t B henemorihiens 
in H such that (r)h^ .(r)h 2 for all r in B. let i . (i)h, 

is a homomori^iem in H. 

n 

Consider B-CT -i. + x+ -tl^^w • 

jfl J ''a I e I } and define 

h- = B . 1 hy ( . 1 ^ , 

We note that h" is additive and that h"| = h» I . low 


S 


IT 


IT 


’’ ° V ^3 ■ ° (-1, + ^1+ 1^) + (-dj+rjtdj). ...+ 

* in-l) " V in’ 

Or + x^+ + ... + ^(VVl^'^Vl'^^VrV ^ ^• 

So that (li,H,S.)h» (“3^)h* , or (L,H.S.)h" = ■^:^)h' , 


or 


or {-i^+(x|)h»+i^} + ... +{ -4^.^+ • 
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So that (■b)h" = 0, hence h" is well defined. 

Since h" is additive and (bs)h" = (h)h"s for all distributive 

s in N, it follows that h" is a ri^t N-homomor jhism . Let 

n n 

^ I (“i^ + 3:.+ i.) e b| \ (-i.+(x.)h’ + i.) e N } , then A cii-B. 


Case I: Sxppose A /Ti N is weakly large, then since (x)h" e K for 
all X e A AN we have (x)h" ° (h^~ h^) = (x)h''h^- (x)h*’h2 = 0. 


Hence by the definition of we have (l)h" ° (h^-h^) e J(ljj) = 0. 

Hence (l)h’“(h^-h2) = implies (l)h'h^ = (l)h'h2, so that (i)h^=(i)h2, 
that is i e 1.Q. Hence I = I.Q. 

Case II: Suppose A OiH is not weakly large, this implies that there 

exists a non-zero I-N ideal U maximal with respect to (AAIF)riTJ = 0. 

So that by Lemma IV .2 .4 U+ (A O N) is weakly large. How = 

n 

{ (-i.+ (u.)h’+ i.) I u. e H, i. e 1} is a submodule of Lj. How x is 

j=1 ■ 0 1 0 ^3 

in D A H implies that x = J (“in+ (''^•5)^' + i-?) is i^ ^ ^032 some 

3=1 ^ n ^ ^ 

u.e U, i. e I (1 ;^3 ^n). Then L = T (“i4+ ''i^+i •) ^ ^ HA implies 
DO 3=1 ODD 

b = 0 (since 0=(AoH)AU = AnU), So that (b)h'' = 0 = 
n 

J (-i.+ (u.)h’ + i.) = X. Hence Bu = 0, which implies B^= 0 

since Ijj is a weakly essential extension of Thus (u)h» = 0 since 

(TJ)h‘ Hjjf. 
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Now for all u+x e U + (A n N) we have (u+x)]i" ® = 

(x)h" ° = (x)h'»h^ - (x)h''h 2 = 0, since (x)li» is in 1. So 

that (l)h" o(h^- h 2 ) e J(I^) = 0, that is (i)h^ = (i)h 2 . Hence i e 1.Q, 
so that I = 1.Q, 


2.8. Gorollarj: : Let N he a ne ax ring such that J(Njj) = 0. If ^ and 
8 are given as in Hco position 17. 2.1 then ^ o 9 is an anti near ring 
homomorjiiism. 

2.9. liropositipn t J(l^) = 0 impHes that given a homomorphism h in 
H, there exists h' in H such that h h’ h = h. 

•**1 

Proo f ; Let h (o) = {x e N | (x)h = 0 } . For all homomorphians h' in 
H, (x) (h h'h - h) = 0 for all x in h^^O). Hence if h”\o) is weakly 
large then (l)(h h'h - h) e J(%) = 0, that is (l)h h'h = (l)h. Hence 
(r)h h'h = (r)h for all r in N. Thus we get (i) h h' h = (i)h for 
all i in I (since I = 1.Q) which implies that h h'h = h. 

If h (0) is not weakly large then there exists a non-zero 

—i' ^ 

I-N ideal K maximal with respect to K r\ h (o) = 0, such that K +h '(o) 

is weakly large. Define : (K)h I by ((k)h) ijj = k. It is easy 

n ■ 

to see that i|) is well defined. Let B = { ^ (-i,+ (k.)h + i .) ] i . e I,k. e E}. 

-j 3 3 3 J 3 

Then B is an N-suhmodule of I. Define ij) ; B •*- I by 

n _ n n 

( ^ (-i.+ (k.)H + i.))iil « I (k.)h,{i = I k . Note that i is 

3=1 ^ 30 3 3 


Ck)h 


4- 


Making use of these observ^ations it is a 


additive and ijJl 
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rou'fcin.e matter to check that ip is a well defirj.ed right H-homomorjhiaii. 

By injectivity of Ijj there exists a N -homomorphism - h' ; Tj^ 

such that h’ I =5 5 , which implies that h'j =ij => i{(l 

® (K)h (K)h (K)h 

and so h h' is identity on K. 

Now for all k+x e K -t- h ^(o), (k+x) (h h*h - h) = 

(k+x)h h'h - (k+x)h =» (k)h h*h <- (k)h = (k)h - (k)h = 0 implies that 
(l) (h h'h - h) e 0, that is (l)h h'h = (l)h . So that (r)h h'h 

= (r)h for all r in N, which implies (i)h h'h = (i)h for all i e I 
(since I = 1.Q). Hence h h'h = h. 

2.10. ^eorem ; If J(Njj) = 0 then Q is a regular near ring. 

Proof : Now q in Q implies (l)q. = (l)h for some N -homomorphism h in 
H. In view of IV. 2.9 there exists h' in H such that h h'h = h . 

Let (h)(j) ° 6 = q., then q = (h)<!) o 9 = (h h'h)4> ° 0 where 4' and 6 are 
as, defined in Proposition IV. 2.1. Since <)> o e is an anti near-ring 
homomorphism we get q = {(h'h) ® 6} {(h) 4 ° 9 } 

= { (h)(j) 0 e}{(h') 4 a 0 } ■ {(h) 4 > ® 6 } 

= q q'q where (l)q’ = (l)h'. 


Hence Q is regular 
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§ 5. Relationship between classical near rin^ of ri^t <jiotients and 
a oompiete ne^ ring of ri^i; quotient^. 

In this section we give a sufficient condition for a complete 
near ring of right quotients to be a classical near in.ng of right 
quotients. 

Let N be a left d.g. near ring generated by the semi group 
of all the distributive elements of F, and S' be a semi -group of some 
distributive non -zero divisors pf F. Suppose that F satisfies the 
following conditions with respect to S' 

(i) C.RJt.P.: Given a in F, X in S' there exist a' in F 
and X' in S' such that aX' = Xa' . 

(ii) If in (i) a,X both belong to S' then X*, a’ both are 
distributive. 

Suppose that every weakly large right F-subgroup of F^ 
contains an element of S' , We claim that Q is a classical near ring 
of right quotients of F with respect to S' . For this we first prove 
the following; 

5.1 Lenma s X e S' >XF is a dense right F-subgroup. 

Proof ; Let r^ ^ 0 and belong to F. Given X e S' , r2 e F there 
exist X' in S' and r in F such that Xr = r^X' e XF. Biat is there 
exists X' in F such that r^X' / 0, X 2 V e X F. 

3,2. Lemma : A ri^t F-subgroup of Fjj is dense implies that it is 
weakly large. 
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^ 0 ideal implies liiere exists 0 / u e U C N, 

so that there exists r in H such that 0 / ur e , so that 

0 / ur e U AD. Hence D^j. is weakly large, 

5.5- .lenraia ; J(Kjj-) = 0. 

n 

Proof : Now x e J(l^) implies that x= ^ (■^. 4 -x.s.+ r.) for some 

Jsr *] 3 3 Cl 3 

e N, x^ e N and s^ is a di strihutive element of N (l ^5£ n) ard 

there exist weakly large ri^t N-suhgroaps K. with x. K. = 0. Since 

each K. contains an element of S' say X. thai x. X. =0 implies that 
1 111 

X . = 0 for all j = 1,2, . • Ji, So that x = 0. Hence J(N„) = 0. 

c) JN 

5 . 4 • 5 0 , is a regular near ring. 

5.5 • .^mma : X in S' implies that X is a distributive non -zero 
divisor in >4. 

■"i 

Ih?oof J Now Xq = 0 implies Xq(q N) = 0, which implies q(q''‘N)= 0. 

-1 ■ 

So that qr = 0 for all r in q N which is strictly dense, Therefois, 
(l)q.r = 0, that is (l)qr = (l)hr = 0 for all r in q N and for some 
N-homomorphism h in H. Hence (l)h = 0, that is q = (l)q = 0. 

Also qX =0 implies that qX N = 0, that is (l)qXr = 0 for all 
r in N. So (l)hX r = 0 for all r in N and for some N-homomorphism h in 
H. Therefore (XN)h = 0. Since XN is dense and hoace weakly large, we 
have that (l)h e JCIjj-) = 0* Hence q = (l)q = 0. 

We now show that X is distributive in Q. Por this let q^,q 2 
be any two elements in Q and i be any arbitrary element of I, then 
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(i)('l^+q 2 )-X = ((i)<l^+(i)<l 2 )>^ = +(i)q 2 ^ = (i)(%X+ So 

that X is distributive in Q. 

5 . 6 . Lemma : Every distributive non zero divisor of Q is invertible 
in Q. 

JP^ropf ; Let q be a distributive non zero divisor of <i. Since Q is 
regular, tiaere exists q' in Q sueh that q q‘q = q, which implies that 
q(q'q-l) = 0, that is q'q = 1. 

Also (q q''*l)q = 0 implies that q q'=:1. Hence q is invertible 

in Q. 

5.7 • .2Jheorem : Q is a classical near ring of right quotiaits of H 
with respect to S' . 

Proof : By Lemmas IV.3.5» rV".3.6 we have that every element cf S' is 

—1 

invertible in Q. It remains to show that q in Q implies q =a X for 
some a in N and some X in S* . 

How q in 0, implies tbat q H is strictly dense, hence dense 
and hence weakly large. So q H contains an element of S', say X . 
Thus qx = a is in H, that is q = aX . Hence Q is a classical near 
ring of right quotients of H. 

How suppose that instead of condition (ii), H satisfies the 

(ii)' For every v in S' and every r in H, v r di stributive 
implies r is distributive. 


condition 
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The othecc conditions on K lemaining same as given in the beginning 
of this section. 

¥e then prove 

5 .8 . I^oppsition ; Suppose every E-homomoriMsni fs U -v E, where 
TI IS a ri^t ideal of E, can he extended to an E-homomorphism. g:J E, 
where J is a ri^t ideal of E containing E and containing ao. element 
of S' , then 13ie complete near ring of m^t quotients of E coincides with 
classical near ring Q' of ri^t quotients of III. 1.5. 


Raoof ; In this case hy 3.10 
have that is contained in 



is injective, also Ej^ 



So we 


We now show that Q’j is a weakly essential extension of 
For this let 0 U he a submodule of . Then there e3dst& 

0 7^ u e E ^0^ j which implies that 0 u = aX”'* tdiere a is in E 
and X is in S', so that O/uX =aeEAE. Hence is a weakly 
essential extension of Ej^. So lhat Q^. = I^j. 

-1 

let q' = aX be any element of Q' . Suppose h^jh^ aire li^t 
E-homomorphisms in H such that (r)h^ = (r)h2 for all r in E. Hen 
(<l'x)h^ = (q'x)h2 e I = Q’ implies (q*x)h^ X (i'x)E 2 X \ so that 
(q')h^ = (q')h2. This implies that q' c 1 that is I^j. = OI.Q^l^. 
Hence I = Q' >= 1,Q. 

Eow (j) : Q -»■ I = Q' given by (q)*}, = (l)q is a monomoribiaE 
and since I = 1.Q we have that it is also epimorphism. 
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It remains to show that is a near ring homomorphism* We 
already know that is additive* To prove that <}> preserves mnltipli — 
cation, we first note that (q.r)<|) = (q.4'r)'3> =(l)l » ^3* = (ikr = 

= (3?)4> . Now for any ^ have = 

(q^)^ (q2^)‘J> for all r in N. This implies that (q^qg)^ ^ =(qP $(q2)4’^* 
Thus there exist h,h^,h2»h* , right N-homomorjhisms in H such iJiat 
(q^q2^'^ = ('lK(q,)4’ = (l)h^, (q2)<}> = (l)h2, (q^)^ (q2)^ =(l)h' and 
(l)hr = (l)h^(l)h2r = (l)h’r for all r in q2''N. Since q^^N is storlctly 
dense, this gives that (l)h = (l)h'. So (q^q2)^ = (q^)4>(q2)‘*^ . Thus 
Q ^ Q* as near rings. 

§ 4. Complete near ring of ^left ^laotients 

Let IT he a left near ring with unity* 

4.1. A subset D of N is called a left K-set if III) = {rd j re IT,d e h}^I). 

4.2. A left N-set Lis dense if for all 0 j= r^ in IT and all rg in IT 
there exists r in IT such that rr^ ^ 0 gai xr^ e L. 

Remai^ : We note that 

(1) Intersection of dense N-sets is again a dense N-set* 

(2) Any N -set' containing a dense H-set is dense. 

To construct a left near ring of left quotients of N, we proceed 
as follows: 

Let X = U {e ; L e- K ] (rd)© = r(d)e for all r in IT and all d in L where 

L is a doise left IT -subgroup} 
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® ^ are in X j define 6 ^ 02 iff tiiere exists 

a dense N-set A in A such that 6 ^ and 82 coincide on A. It 
is easy to see that ' ' is an equi-valenoe relation, 

let C denote the set of eq.uivalence classes of X with 
respect to the equivalence relation defined above . Let [8^^] (i=1,2) 
he in 0 with e^j H. Define [ 6 ^] + [ 62 ] = [ 6 ^ + 62 ] where 

®2' ^ ( 3 :) ( 6 ^+ 62 ) = ( 3 :) 6 ^+(x )02 for 

all X in D^ A ^2 * easily seen that addition is well defined 

and that C is an additive group. 

To define multiplication in C, take [ 6 ^] (i=1,2) in G where 
9^ has domain!^. Let A= {x e D^ | (x)e^ e D 2 ) then SA <s. A and 
A is dense; for if r^ -f 0, are in N, then there exists r in H 
such that TT^ ^ 0, rr 2 e D^. Given rr^ / 0 and (rr 2 ) 6 ^ in D, there 
exists r’ in N such that r’r r^ 0 and r*(rr2)9^ = (r'r ^ 2 ) 9 ^ e D 2 . 

This implies that r'r and ^j’rrg s A. 

_ n _ . 

Consider A *={ \ ta^la^eA}. Then A is a dense left 

i =1 __ n n 

N-subgroup. Define 8’ ; A -> If by ( 5! ± 9I, = I + (a.)©.. 

I • , ** 3- I » jk 2, t 

1=1 1=1 

Observing that 9' i s additive and that it coincides with 0^ on A, it 
can be proved that 0 |j is a well defined left K-homomorjhism. 

Define r0-]]E92J “ ° ^2 ^ * To check that this multipli- 

cation is well definedj suppose ihat 8 ^ "v (i = 1 , 2 ) where the 
domain of is Now 9 ^ o/ 4 )^ implies there exists a dense left 


78 


N-set on whicih 0^ and coincide (i=1,2). If 

U = {x e i (3c) 6^ = (x)^^ e A^} f tl^n TJ is a dense left U-set 
contained in (domain e^»° e^) r\ (domain o Moreover 0^ „• Og 

coincides with ° on IJ» Hence the umltL plication is well 
defined. 


It is a routine matter to check that C, together wilii -^le 
above defined addition and mi I tip 11 cation, is a left near ring, llie 
mapping H -»■ G given hy n is a monomorphi an, ■where H 

is given hy = m. Hence H may he considered as contained in C. 

We claim that ^j-C is a weakly essential extension of j^H. 

For this we first prove the followings 

4. 3* “ ^or all 0 ^ c^ in C and all in C there exists r 

in N such that rc ^ 0 and rc^ i s in H . 

Prpof 5 Suppose 0 / c^ = [0^] , = [0^] with H and 

OpiDg N. How [6^] 0 implies, for all dense left H-sets A'S-B^D^, 

(a)G^ ^ 0. Given (a)0^ ^ 0, a e" A^H, there exists r’ in H such liiat 
r'(a)0^ = (r'a)o^ ^ 0 and r’ a e H B2. How r'a c^ = 1^23 

^‘^’r’a “ ®23 = t‘^(r'a)e2^^ r^aci=0 implies iK' ^ ^ ®i3 

^is implies there exists a dense left H-set A* such that (A*) 

= (A’r'a)e^ = 0. So A'(r'a)e^ = 0, that is (r»a)e^ = 0, which is a 
contradiction. Hejice r*ac^ ^ 0. Rit r*a = r and we have the result. 
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4*4« ^ weakly essential extension of 


Let jjl denote the maxiinal weakly essential extension of 




4*5* pefinition % A left If -set D is strictly dense iff for any pair 
of left N-homomorihisiDs h^,h 2 : jjl = (9.)h2 for all d 

in D implies (r)h^ = (r)h 2 for all r in K. 

4.6. ^oposiW-on, : A left N-set L is dense implies that D is 

strictly dense. 

Proof ; Let h^,h 2 e jj-^) such that (d)h^ = (<1)L2 for all d 

in D . Let A denote the left IT -submodule of generated by (lT)(h^- )• 

n 

Now f 0 r. e A. implies 0 / r^ = (”i^+ a.+ i.) e N where 

1 * J ■ 0 tJ 

i^ e I and a^ e (N)(h^-h 2 ) 9 {- (N)(h^-h 2 )} . Tims ■ , 

0 r^ = {-i^ + (x^)(h^-h^)+i^} + {-i2-*(32)(L^“h2)+i2} + . ..+ 

Given r^ ^ 0, x^ in N there exists b^ in N such that b^r^ 5^ 0, b^x^e D, 
so that we have 0 ^ b^r^ = {”*b^i^+(b^x^)(h^^i2)"tL^i^J+{”*b^i2“'(b^X2^CL-^“^2^ 

+ V2> 

+ ... + {-t, ij, + (Vn) + h V 

= {-b.ji2- (b.,22)(h.|-h2)+ b^i2} + ... + . . . . 
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Now taMng 0 / b^r^, there exists h^ N sach that / 0, 

^ N. Herce 

0 ^ 'b2N^r^ = + (h^b^x^) (h^ -h2)+ +.•• + 

* ■ <-Vi Vfn> 

Proceeding in this way we get - 0 ^ W -1 a contradiction. 

Hence A AN = 0 which implies that A = 0, so that (N)(h^-h 2 ) = 0, that 
is (n)h^= (n)h 2 Per all n in N. Hence D is strictly dense. 

4.7- pefinition ; A left near ring SON is a left near ring of left 

—i 

quotients of N iff for all 0 ^ s^ in S and all S 2 in S, (s^' N) s^ ^ 0. 

Remark 1; The above definition implies that for all s in S, s N is 
dense and hence strictly dense. Hence we do not requite the condition, 
that for all s in S, s .^N is strictly dense, in the definitiesa of left 
near ring of left quotients. 

Rem^k 2 ! Any classical left near ring of left quotients of N is a 
left near ring of left quotients of N. 

It is an imnedi atecconsequence of Lemma 4 •3 that G is a left near ring 
of left quotients of N. 

4-8. ^oposition ; Aay left near ring of left quotients of N is 
contained in C. 

Proof : Let S be any left near ring of left quotients of N. For any s 
in S let s”^N = {r e N j rs e N XThen-sc”"*! i-s d^se, since for eoay r^j^ 0 
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in U and in N, considering r^ / 0 e N ^S, r2S e S there exists 
re (r2s) "’n such that rr^ 0 , which implies rr2S e ST, rr^ 0. 
Hence there exists r e N such that rr^ / ^ 7 ^^2 ^ Define 

4' ! s H H hy (x)* = xs for all x in s*"']J and 


t ^ , -.-1 1 

*1*3 - • ^ I r. 1 r. e s H} IT by ( I + r ) 4 = I +(r.)^ . 

i=1 i=1 ^ ® i=1 ® 


Observing that <J)> is additive and that it coincides with 4> on s”*%, 

—1 

it is easy to see that 4)1 is well defined. Since s IT is dense, 

the domain of <^' is also dense and hmce [d ] .bo longs to- C. How 
s s 

define 4:3 C by (s)4 = [4>g3 . Let s^ = S2 in S, then (x) 4’ = 

. N I --I .--j 1 

(x) 4>g for all X in s^ IT n S2 N implies 4 is well defined. For 

^ "*1 “1 * • 

all X e s. IT n s„ (x) 4„ , ^ = (x)(4 +4 *) implies 4 is additive, 
, 1 ^ ^1 

also since (x)4^ „ = (x)4' ° 4' for all x e (s,s^)”^ IT A 4 

2 ^ ®2 . ^ ^ /' 
is a near ring homomorihism . How (s)4 = 0 implies [4*] = 0, that is 

—1 

there exsts a dense left H-set L s H such that (A) 4 = 0, ISxat is 

s 

As = 0, implies s = 0. Hence 4 is a monomorjiiism. 


4.9* ^opo^ition i If Sisaieft near ring of left quotients of H 
and T is a left near ring of left quotients of S, then T is a near 
ring of left quotients of H. 

[Ifeq^qf i Ijet t^ ^ 0, t2 be elements of T, thaa, there exists s e S such 
that 0 / st^ e S. Considering 0 f s t^, st2 in T we have s' in S such 
that 0 ^ s's t^ and s's t2 e S. How 0 f s's t^, s's in S implies thei^ 
exists r in H such that r s's t^ 5^ 0 , r s's e H. 
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igain r s's / 0, r s's t 2 in S implies there exists r* e F 
such that r’r s's t^ / 0, r'r s's t^ e N. Hence the result. 

If we go throu^ the same procedure again, starting with C 
in place of N and obtain the left near ring , then we hewe the 
following! 

4.10. Proposition : O' = 

^oof ! Clearly C ^ . Making use of the Proposition 4*9 

that is a near ring of left quotients of If and by Proposition 4*8 

cS C. Hence C = C . 
o — o 

C is called the complete near ring of left quotients of H. 


CHAPTER V 


GENERALISED CENTRALIZERS OF NEAR-RING WDULES. 

In this chapter we have constructed generalized centralizer 
of a near-ring module. For this we have taken a collection t* of N- 
suhgroups of a module M(over a d.g. near ring H) sati sCying the 
conditions: 

(a) If S e T’ and Sc T then T e t’ 

(h) If S and T e t» then S n T e 

(c) If S,T e T* and a ; S ■> M is such that (sr)d = (s)ar 

for all s E S and all distrihutive r e U and 
n n 

B = { ^ + x^jxj^eS and J + ( 3 ^) a e 5 ?} then B ^ f. 
i=1 i=1 

and with each such t' we have associated a near ring P' . Ihis near 
ring turns out to be non-assooiative. If t’ is a collection of large 
IT -subgroups then t' satisfies conditions (a), (b) and (c) and thus we 
can associate with this collection a non-assooiative near ring. 

In case If is a ring and t* is the collection of large mb - 
modules of a given module, Ihen the near ring P* turns out to be an 
(associative) ring and ihis ring is actually Johnson's extended 
centralizer of a module. (fll]). 

Above conditions (a), (b) and (c) are dual to the conditions : 

(i) S E T , T CS then I e r ■ 
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(ii) S, T e t implies S + T e t 

(iii) Let S, T e t and ot : M M/T be a mapping such that 

a(mx) = o(m)r for all m in M and all distributive r 
in N . Let U/l be the submodule of M/T generated by 

a(s) U {a(m+ffl')- a(m*)- a(m)} , then TJ e t 

These conditions are always satisfied by small submodules. One can 
associate a near ring say P with this collection also. 

It i s proved here that if the near -ring module M is t' ~ 

complanented ( t - complemented) in a certain sense then the near ring 

P' (P) is regular . 

§ 1 . Q-en era lised Centra,li zers of Near-Bing Modules, 

We assume that t is a non-empty collection of proper I- 

submodules of M satisfying (i), (ii) and (iii). 

Let = {oi; M ->■ ^ la(mr) =a(m)r for all m in M and all 

distributive r in N} 

and X = UP|j . If 8 e P^ and 8’ e P^, let 
Te T 

■2 = submodule of ~ generated by {8(m+m') - 8 (m' ) “ 8 (m) } 

2^ = submodule of generated by {8'(iiH-m') -8*(m' )- 8i(m)}. 

Define 8 8’ iff there exists T^ e t such that 1^3 D-rtl' ^ T+T' and 

M M 

TT^ ^ 8 = ip, 8* where '"'j p * j p f s the natural homomoi^aii 

given by = m+T^. 

1 
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It is easily seen that this relation is reflexive and symmetric. 

To see that it is also transitive, consider 6 e P .S' e P ' ftn e v 

such that and S' 'v. g- . This implies that there exists 

T^ e t such that T^ ^ U+TJ* ^ T+T' and ' v g = tr g, , ^30 

1 r 

there exists Tg e t with T^ a U'+ U« 3 T'+T" such that v ,gt 

T2T' 

“ " submodule of M/T' generated by ' 

{S"(m+iii*) - S"(m') - S'’(m)} . 

Now T^ = T^+ Tg a N + U' + U"an + TJ"a T + T" aid T^ e t. 


Moreover ^ “^T T ^ ^ 

5 1 1 '■ 5'‘1 ‘1 


T,T^ "T.T “ "T,T^ t implies ^S = ir^ j,g' . 

5 3 


T > T' ’'t T ’'t T» implies ^,g' = 

322 322 5 5 

Hence S" which implies that the above defined relation 

3 3 

is transitive and thus an equivalence relation. 


Let P denote the set of equivalence classes of X. P can be 
made into a near ring as follows! 

To define addition in P take a e Pg and B e P^. Put IJ = SpT . 

Then define [a] + [S] » [ w^g a+ = [y] say where y = ir^ga + S 

To see that this addition is well defined consider a' e Pg, and 
S' e I’jii such that a a' and S B' . Then if d' = S' + T' 
we have [a'] + [S'] = + %, 5.» where d = 6* 

Now leb, ^ « sulmodule of ^ generated by {a(m+-m' ) -a(m» )-a(m) } 

. ^ S . 
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V M 

= submodule of — generated by a’ (m')-c£'(m) } 

W M 

= submodule of - generated by {3(BH-m') - 3(m> ) - 8(m) } 

W’ M 

and -5, = submodule of generated by {0’ (mfm« )- 6(m' )- etm) > 

Now [a] = [a*] implies there exists e t such that T+Y'-gtSt-S* 

and S' implies there exists 

such that Tn W+W’ 15. T+T' and tt™ = \i m, • 

12! 12-^ 

y M 

Let ^ =• submodule of “ generated by {YCm+m')** yCm')- Y(m) } 
and * eiibnodule of generated by {^(iw-m*) - 5(m’)- 5(m)} ^ 

We have to show that there exists T,e t such that T, :r» Y + Y’-2 l N+TJ' 

:? j' 

and such that U' ‘ " '^+'^'+^- 1 +^ 2 ’ ^5 ^ ^ ^ 

3 3 

T, 3 Y+Y' 2 TJ+U’ . 

3 

Now TV^ JJ r(m) = -rr^ a(m)+ 0 (m)) 

3 3 

= '^T 

3 

= + y+N) 

= (x+y) + Tj where a(m) = x+S and 8(m) = y+T. 
■jjf * ^TN'^ ^If* S**^* ^U’T’ ^ 

3 3 

. Tj^.Cx'+IIt+y’+U’) 

5 '■ 

= (x>+y') + where .= x»+S‘ and 0 '(m) « y*+T» . 
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Also 7r^^ga(m) = «'(m) implies x+T^ = x'+T^, that is x-x^eT^^T^, 

and \ T implies y+ T = y«+T„,that is y-y'e T- CT . 

But (x+y) - (x'+y')- (x-x') = x+y-y' -x»+x' -x = x+(y-y')-x e T 

5 

(since y-y' e and is nomal in M) implies that (x+y)- (x’+y’)e T 

« ^ 

(since (x-x') e T^). So (xt-y) + = (x'+y' )+ and hence addition 


is well defined. 


If Og and 0^ denote the zero mappings in Pg and respectively, 
then it can he easily seen that [Og] = [0^] is the zero element of P, 
Observing that [-a] = - [a] (where (-a)(x) = -ot(x)) we see ihat P is 
an additive group. 


Multiplication in P is defined as follows! Sippose a e Pg 
and 8 e P^ . Let G/T be the submodule of M/T generated by 


e 

B(S) O {3(m+m' )-B(m' )-8(m)} . Consider M + 


M 

T 


y 


M 

T 



1 

G 


where y and g are the natural homomorihisms. Since gy3 is a homomor- 

" M M 

phism which vanishes on S, it induces a homomorphism P s g g • 
.Define [6] [a] « [i a] . To prove that the multipHoation is well 
deftped, consider a' e Dgi ai^d 3' e P^,, such that a a' acd 3 8*. 

Let be the submodule of generated by 8' (S*)u{8'(iifm')-8' (m* ) 

-8'(m)} , 

and let 8' ! be the homomor^i an induced by 

S ^ V * 

M H M t£' ^ - . We have to show that [Ba] = |8’a*3. 



88 


Let -g = submodule of | generated by {ct(mfm')- a(m» )- a(m)} 

•g, = submodule of generated by {a' (nn-m' )- a’ (m*)- a’(is)} 

Y M 

^ = submodule of ^ generated by 

and V* » submodule of M generated by . 

T' T> 

Now [a] e [a’] implies that there exists e x such that 

T. "2 U+U' ■9 S+S' and such that Tr„ = "'^tp qi • Also [0]= [S*} 

i^b 

implies that there exists T 2 ^ t such that o V+V 9 . T+T’ and 
such that 0 = 0 ' . 

Let ~ >= submodule of ^ generated by {0a(nH-m' 

and a submodule of generated by { 0 * a' (iiH-m’)- 0 ’ “'(“') " 0 *®’(®)V • 

Then we have to show that there exists T, e x such that T, C+C* 

5 t> 

and such that ^ 0a = tt^ 0 'a’ , For this let Ty'Tg be the 

5 3 

submodule of M/Tg generated by ^ 0(1^* Since L ^T^, ^ 

\ 5 0(T^) Tj/Tg , so that 0(U) c T^/T . Hence 0(u/s)oTy^G 

and W/C O 0 (TJ/s), whioh implies that W^T^. Similarly W’ ^ T^, 

hence T^ ^W+W< o G+C’ . Since ti^ ^ 0 is a homomorphism, ^ 0(iiH-m»)- 
P 2 2 

^ 0 (m') - '"'ji ji 0 (ni) is zero and hence T^ e x by (iii). 

Now TTj c 0a(Hi) » c 0(x+S) where a(m) « 

■^3 3 

c TTj Q 0Vg(x) Where VgJ M ■* -g is the natural 
3 homcmorihism. 
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= qSpPCx) 

" t^(x) = yn-T. 

3 

«= y + T, 

3 


^T n* where a'(m) = x'+S’ 

5 5 


^T-C* 

3 


it,j,^C,&’W'8'(x*) 


\ p,(y'+C') where B’(x' ) = y»+T» 

3 


y‘+T. 


5* 


So -that it remains to show that y-y' e T,. Now ir- cja(m)= w a*(m) 

3 ■‘■.jO i^b 

implies that x + =» x'+ T^, so that x - x' e . Hmce 

^8(x-x') e |5, that is ^ 8(x) - B(x*) = (yffg) " 

T 

“ (y“y') + e m ^ implies that the 

ii Tg 3 

multiplication is well defined. 

It is easy to see that the multiplication is associatiTe said 
that multiplication distributes ov^er addition from the left. 

Bms we have the followings 
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! P together with the above defined addition and mltlpli- 
oation is a left near ring with unity. 

1,24)efinitiqn : A submodule S of M is small if S+T = M implies T = M for 
all submodules T of M. 

It is easy to see that the collection of small sulmiodules 
satisfies the conditions (i) and (ii). To show that it also satisfies 
the condition (iii), consider a : M M/T as given in (iii), also 

let ir/T be as given in (iii) where S and T are acaall aibmodule s of M. 
Then we wish to show that tJ is small. 


For this let B be a submodule of M such that U+B = M. Let 

A« ( -m^+x^t^+m^ ) I J[(-Dn+T) + a(x^)t^+(m.+T)] e where m^, 

i=1 i=1 

e M and either t^^^ or “t^ e generating set1§' of S} 

C ^e Is If A = M then fo r any m e M, we have m = -Oi-hh-O e Aj which 

implies that (-0+T) + a(m) + (O+T) = a(m) e “ • Heii-ce a(M) C ^ . 

n 

For any u e U, u + T = I {(-mj,+T) + 3ch+(m.+T)] where 

i=1 


tj_ e S'U(*^ and x e a(S) U {a(i3H-m')- a(mO“ a(m)} , Since 
«(M) O » “(S) ^ and each a(m+m’) - a(m')- a(m) e 


T+B 

t' 


so that each 3 ^ in the expression for u + T is in • ®ow since 

is a submodule of | , u + T e , which implies that 
IT 




T+B 

T 


, so that B ^ T+B, Hence B+B « T+B O B+B, whi<^ implies 
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that IH-B a U+B * M . This implies B = M (since T is small), which 
shows that U is small. 


P®-®.® A M then S+A ^ M, this in^jlles that theice exists 

m e M such that m ^ S+A. Bet a(m) = x+T for some x au+h e M. 

n 

Then a(m) « (u+b)+ T = (u+T)+('b+T) = ^ [(-m.+T)+x. t.+(m.+T)3 

i=1 ^ 1 X " 1 


+(bfT). 

n 


So that - 


\ [(-m.+T)+x.t + (m_, +T)3+ a(m) = 

i-1 ^ 111 


h+T e 


T+B 

T * 


Now l.H.S. a U’i^+'B)+a(s^)(-t^)+(m^+T)} + [(-ffl^_^_^+T)+ {^(m'+m'O-aCm'O-^Cm*) 
+ + K"\+t) +{“(p^+p^’)-«(p^')-«(p^P (•-\)+(\+t)3+ 


^ ni) 


a {(-m^+T) + a(s^)(-t^)+ (m^+T)} + 

[(-fflj^_^+T)+ {ct(in’+m")(-tn.^)“ a(m")(-t^_p- 
+ (m^_^+T)3 + . .. + [(-mj^+T)+ {c‘(p^)t^+ «(p^')\+ “(p^+P^')(-'fcjs.)> 

+ (mj^.+ T)3 

+ .... + “(m) where t^_^ ® -S and t^^ e S 
a{(-m^+T)+ a(s^')(-t^)+ (m^+T)} + I{(-m^_^+T)+ o(m’+m«)(-t^__^) 

+Cmj_.j+5?)}3 



92 


+ ... + [^(•^+T)+ a(p^)tj^+(m^+T)} + {(-^+1)+ a(p^’ )\+(jnj+T) } 

+ {(-nik+®) + a(p^+p^<)(-tj^) + + ... + a(m) 

T+B 

belongs to -j- implies thab <-»i„+s^(-\)+ J^} + } 

+ Vi’ + •■• -^ 'VPiV"!’ + 

-f ^ -f m e H^ce 

s^(.t^) + + K-1-”'Vr“"\-1-^ "'\-1+ "'Vl+ "n-l’-^ 

+ . .. + '*' ♦ •' + ® ^ ®iat is 

{-ji^+ s^(“'t^)+ + ^0) + .. . + {0} + . .. + m e A. Hence s + m e A 

for scans s e S, which implies that m e S+A, which is a ccaitradiction. 

When T satisfies (i), (ii) and (iii), we say that Mis - 
complemented if for each submodule S of M there exists a submodule T 
of M such that S+T »= M and SaTet. 

I.J.Theorem : Assume t satisfies (i), (ii) and (iii) . If M is t- comple- 
mented, then Pis a regular near ring. 

^gpf i Let [a], be an arbitrary element of P where a ® Pj* Suppose 
^ = submodule of ^ generated by {a(iiH-m') - a(m')- °‘(m)} 

Ot M ^ M t U s M 

Then 6 t M ~ _ f an I-homomorihism, 


where p and g are the naiu 
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We claim that [a] = [ 3 ] . For this suppose J is the 
submodule of - generated by •{B(iiH-m')- 3(m')- e(m)} . Then V = IT, 
since 3 is a homomorphism. By taking T^ = TJ we have T^ e x such that 
\ IT ^ ' which implies that a -v g. 

Now let 3(M) = - and A denote the submodule of M 

generated by A. Then there exists a submodule B of M such that 
B + A ■> M and B a a e x , 

M M 

If IT t = •+ . denotes the natural homoimorphism, 

IT + B A A 

then there exists a submodule C of M such that G + ter irP = M and 

c 

C A ker Tr3 c X • ^ow irg induces an N-monomoxphism ot from 

such that a(c+C rrker ir3) = ttPCc). Now for any a e A, 

U 4* A ^ B 

a + (U + A A B) a Tr(a + U) 

=s Trg(x) for some z = c+k e M = C+ker irg 

= Tr3('C) 

a a (c + C n ker ir3 ) . 


Since a is a monomorphism there is only one such elaaent 0 + 0 A ker Trg 
C • 


in 


C A ker tt3 * 

M x,„ 

Now define 6 : B + A -> c^ ker wg ^ 


~-1 


(a + B + A AB). 


e(b + a) 
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Now b^+a^ « bg+a^ implies that (-b^+b^)® a^-a^ e A^Bou + i^vb. 
Hence a^+(U + A. n b) a a^+Cu + A rvB), which implies iiiat 

a (a^+U + A B) = a + A ^ B) . So that 6 is well definecL. 

It is easily seen that e is a homomorphism. 

Tilt 

Now define y j M -»• • by 

C n ker ^3 

n n 

Y(b + J ("m. + a,. + m. )) o ^ 0(a. ). To see that y is additive, 

JL*» 1 Iw I 

n k _ 

take b>+ 'I (-im+a.+m. ) and 'h„+ J (-m. ' + a,' + m!) in M = B + A. 
1-1 ^ ^ ^ ^ 1^1 1 1 1 

Then since 

n k 

V l ( + ”i) + V i/-”! + =>1 + “i ) 

ii-1 l>n1 


n 

b^+ { I (-m^+aj^+m^) +b2- I (m^+a^+m^)} + I { -^n^+a^+m^) + 

i»1 i=1 i=1 


n 


n 


+ I + m| ) 


i=1 

n k _ 

- b + T (•!“.•+ a.+ m. ) + I (la. '+ a' + m’) e B + A 
i»1 ^ ^ . i»1 

n n 

where b « b. + { ^ (-m.+ a.+m. ) + b^ - J (-m^+ a^+ m.)}eB, it is 
i«1 ^ > i=1 

easy to see ttiat y is additive. Also y/A = ®/A implies Ihat 
Y(0) » e(0) a 0. Hence y is i^re 11 defined. It is easily seen Ihat Y 


is a N-homomorphism. 



95 


W® claim that [ 6 ] [y] [3] = [3] . Now [3] [y] [3] = 

[6] £y^] » tB*(y3)] where 3 is a homomorphism induced hy 

M I 1 M I I _f2 M - . 

N U ' TJ ^ and y IS a homomorihism induced hy 

Y M ' g 

. M ^ Mi Cnker ^r3^Y|C■f^ker1r3 | . 

V 1 

cKBt"Vq of generated hy Y(IJ) >d 

W M 

- - submodule of generated hy 3(v) . 

Talce m W + AOB'jjW then e t and 

W ® Tf[ 3y(a+ U), where 3(m) = a + TJ, 

1 1 

** '^T^W ^ 

** **“**1/ \ 

“ Wrj, ^ 3g^ ct (a + TJ + A n B) 

“ BS^ y^(o + C o her ira ) 

1 

■ 't w V “ * 

1 • 

“ ®2 ’'a 

• \ W ^2^2^^ = d + TJ. 

• + W) 

• d + . 





9 6 

Also TT^u3(m)« tt .(a + U) = a+ T,. 

1 1 

Now « (a + U + A AB) = 0 + G«>keriTe implies that a + (U + 1 rt B) 

= a(o + C Akerup) - -rr3(o) » 7r(d+ U) = d + (U + 1 a B) . Hence a - d 

£ U+Ar*B<^W+AAB = T^, that is a + =d + T^. IMs ii^lies 
that [C] [y] [0] “ [B] . Hence [a] [y] [a] = [a] , so that P is a 

regular near ring. 

We now oonsider a non-empty collection t» of non-zero N- 
subgroups of M, satisfying 

( a) If 3 e T* and S o T then T e x’ 

(b) If S and T belong to t' then S n T e x’ 

(o) If S, T e x' and at S -»■ M is such that (sr)a « (s) or 

for all s E s and all distributive r e N, then 

n n 

B* ^ ^ e S } belongs to x* 

i»1 i=1 

For each T e x' let = {6: T Mj (tr)e = (t) er for all t e l ani 

all distributive r e S. } . 

Suppose y « uP^ . For each a e P^ and (3 e P^j, define cl B iff 
let* 

there exists U e t« guoh that U OS aT and 

easy to see that this relation is an equivalence relation. Denote 
by P' the set of equivalence classes of Y. 

P» can be made into a nemr ring as follows : 
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is given "by, (x) (a+(3) = (x)a + (x)p for all x e S r\ Tf we define 

[a] + [0] = [a + 0] . To see that the addition i s well defined^ 

consider a' e P^, and 0’ e such that a a' and 6 0' . Now 

a a' implies that ihere exists e t' such that Sfv S’ and 

aL = a* I . Also 0 C implies that there exists TS^ e t» aioh 

that <S T rv T' and pL = 0’ | . Since P n U- e t’ and a + 0 

Up ^2 'iZ 

coincides with a’+ 0* on TJ^ Pp we have that the addition is well 
defined. 

It is easy to see ihat P' is an additive g3xnip. 

To define mltipli cation in P' consider a e P^ and 0 e P^ . 
n n 

let A = ^ I ± ^ I I ±(3t-)‘® ^ T where x e S(l£i:f.n)} , Bien 
1=1 1=1 

A is an N-suhgronp of S which belongs to T'(by condition (c)), 

n n 

Define ^ ; A T by ( + x )<{> = J + (x )a . We note that # 

i=1 ^ i=1 ^ 

i s additive . To diow that i s we 11 defined , cons ider 

D = {x e S I (x)a e T } . Then D is contained in A and = “ . 

Since 0 e D (for (o)a = 0 e T) we have (0)()) = 0. Hence 4 is 

well defined. We define [a] [3] = [4 ® P] 

To see that the multiplication is well defined take ot’ e P^, 
and 0' e P^, such that a a' and p 0’ . Let 
mm 

^ I i 1 I + (x) a’ e T’ where x e S* (l ^i _^m)} and 
i=1 ^ i=1 ^ ^ 

in m 

define 4* ^ T* by ( J + x ) 4’ = I + (x.) a* . ®xen 

i=1 ^ i=1 

[«•] [0’] i [4* “ 0']. 
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Kow a “v a' implies that there eaists TJ e t' such that 

U S S and a|^ = a' | ^. Also B’ implies that there exists 

Y ST' such that V O T rs T' and = 0 ' j ^ • ^t; 

n n n 

5 = ^1 and J + (x^)o = I + (x. ) a’ e V} , Then 

i=1 i=1 i=1 

B e T’ and B -c A AA* . Moreover <}> ® 0 = onB, Hence [<j> ® B] 

= [^* o B'], which implies that -the mu Itip^-i cation is well defined. 

It can he easily worked out that P' is a non associative left 
near ring. Thus we have the following ; 

-j^ 4 ,^eo:rem : P' is a non associative left near-ring. 

I , 5 ,?.efinition : An N-suhgroup o f M is large if it has non zero inter- 
section with every non-zero N-suhgroup of M. 

It is easily seen that the collection of large H-suhgroups c£ 

M satisfies the conditions (a) and (b). To see that it also satisfies 
(c)j consider a : S M, and B as given in (c) where S and T are 

lacge. We wish to show -feat B is large. 

For this let 1 he a nonzero N -subgroup cf M. Then U nS / 0. 
Case__I ; If (U A S) a =0 thoa (U A S)a O T, hence 0 ^ IJ A S oB, 
that is 0 / U S A®* Hence B is large. 

Case n : Suppose (U AiS)a ^ 0. Ihen there exists 0 x e U A S 
such that (x)a ^ 0, How (x)aH is a nonzero H -subgroup of M, hence 
(x)aH A T ^ 0. So that there exists n e H such that 0 ^ (x)a n e T, 
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that is 0 ^ (x)a s^+ (x)ct + . .. + (x)a s^^ = (xs^)a + (xs 2 )a + 

+ ... + (xSj^)a e T. This implies xs^ + XS2+ ... + xsj^ e B where 
11 = 3 ^+ 82 + ... + for some s^'s e S (generating set of n). Hence 
X n E B n TJ . It remains to show that xn is non-zero. 

For this consider <!> • -»■ (x)ci N given hy (xr)4i = (x) ar. 

We note taat <{» is additive. Also <^| _ = a| ^ ^d since (o)s = 0 

xS xS 

we have (O)^ = 0. Hence 4 ^ is well defined. 

IThus (x)ct n / 0 implies tiat xn is non zero, so that BA H 0. 
Hence B is large . 

If t' satisfies (a), (h) and (o), we say that M is t’ - 
complemented if for each H-aibgronp S of M there exists a sutanodule 
T of M such that T + S e t* and m s = 0. 

1.6.lfe^rm j Assume that t' satisfies (a), (h) and (c) . If M is t’~ 
complemented thai P* is a regular near ring. 

Proof s Let [B] he an arbitrary elanent of P' where 0 e P^ , Let 

_ “ n _ 

K = ^ I -f X. I X. e H md J + (x. )t3 = 0 } , then E is ai N- 

i=1 ^ ^ -i=1 ^ 

subgroup of M contained in TJ. Hence Ihere exists a submodule B of M 
such that B + E e t ’ and BAE=0. 

Let S be the H-subgroup of M generated by (U a C® + K)) 0 , 

then there exists a submodule C of M such that C + S e t* and G A S = 0» 

_ n 

Define 6 : (H n (B + E) ) 0 M by ((b + J + k.) S)® = b . How 

i=1 . 
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m n 

(^ 1 + Z + k' )6 = (■bp+ J + k.')3 implies that (b.+ J + k. )- 

i=i i=i ^ i=r ^ 

t® n m 

( 1 ) 2 + I + k! ) = h + ^ + k - ^ + k. - b„ e K . Hiis implies 

1=^1 "" ^ i=1 ^ i=1 ” ^ 2 

' n m 

that (bjS + L + (k )P - I + (k!)3 - (b )3 = (b )3 - (b )3= 0, 

i=1 i=1 ^ ^ ^ 

so that l^-j‘^2 ^ K ^ B = 0, Hence b^ = bg which iii 5 >lies that 6 is 

well defined . 

Define YsC+S->Mby 

n % n 

( 0+1 ± (b + I + k )b ) Y = I + b . 
i=1 ^ 5=1 ^3 i=1 


We note that Y is additive ard y ’ =6 

^ !(TJA(Bfl))C 

n i 

How a = 0 + ^ ± (B. + I + k. )0 = 0 implies that 

i=1 j=1 ^ ^5 


n 

m. 

1 




n 


m. 

1 

1 ± (B^ + 
i=1 

1 

1=1 

+ k. 

— 1 . 
3 

)B e C 

AS = 0. Herce 

HI 

I + (b.+ 
iii" ^ 

I ± fc- ) e K, 

3=1 3 



n 


i 



n 

which implies 

that 

I 

((b^)e + 

I ±(k. )B ) = 

= 0, 

that is 

1 (B.)b = 0, 



i=1 


3=1 3 



i=1 ^ 


n _ n 

so that J b. e B A K = 0. Hence J b. = 0, showing that (a)Y = 0, 
i=1 ^ i=1 ^ 

Hence Y is well defined. It is easily seen iiiat y is a H-homomorphiam. 


We claim that [0] { Jy] [33> = {[B] [y]> [S] = [S], 

¥e recall that p s U M ard Y s C + S M, 
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n n 

Let A = { ^ (+ X. ) j X. e C + S, ^ ± {^ )y £ aticL define 

i=1 i=1 ^ 

n n 

^ sA TJ Ly ( J + Xj^)<^ = I + (2 ^)y "then [y] [C] = [<S> " (33. 

i=1 i=1 

n n 

Now let B = { 'l (+ X. ) (x. e U and I + ^ define 

i=1 11 i=1 ^ 

n n 

'P i -B -> A by ( I + x.)f= I ± (x )P ,then 
i=1 i=1 

[0] Uy3 [333 = [33 [4> “ 33 = [^ (4> » 3)3* 


n n . 

Also let A*= {J + x.| X. eU aid J +(x. )3 e G+S} 

i=1 “ ^ ^ i=1 ^ 

n n 

and define fsA’ 0+Sby( ^ +x)f = [ + (x.)e , then 

i=1 i=1 

n 

[3] [y 3 = [f ® y 3 . igain let B« = { J + x. ) x e A’ and 

i=1 ^ 

n 

I± (x.) f ® Y e u3 
i=1 ^ 

Ia ; ^ : n ■ n 

and define gjB* -y M ( J + ^ ) S = I ± (xj ® Y • ®ien 

1=1 i=1 

{[33 [y33 [33 = [£ » y 3 M = [g ° 33. 


It can be checked that B ^B' and i{'o{4' « 3) = g ° 3 on B, 
Hence {[33 [y] 3 [3] = [33 {[y3 [333. 

n _ 

Now for all (b + ^ + k. ) e (B + K) n L we have 

i=1 ^ 

^ . ■ ■ 

(b + I + k. )3 Y 3 = (b)0 . 

i=1 “ ^ 
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n. n 

Also -b + (t + I ± k=) == I ± e K , so we have 
i=1 i=1 ^ 

^ 31 

“(■b)^ + (b + I + la)0 = 0 that is (b)B = (b + J + k. ) 0 . 

1=1 i=1 ^ 

Hence (b+ £ + k. )PYB=(b+ J which ^GWS 

i=1 i=1 ^ 

that [B] h] [fi] = [P], 

Hence P' is regular. 
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